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Fig. 1. Tencers on a torus. This model is composed of two interleaved trefoils with identical target curves of the (2,3)-torus knot with a relative rotation of /3.

We attach 15 nylon cables passing between the two knots with no cables needed within the same knot. The small and large scale models are fabricated from

two straight glass-fiber rods and aluminum poles, respectively. Their bounding box diagonals measure 105 cm and 387 cm.

We study ensembles of elastic rods that are tensioned by a small set of
inextensible cables. The cables induce forces that deform the initially straight,
but flexible rods into 3D space curves at equilibrium. Rods can be open or
closed, knotted, and arranged in arbitrary topologies. We specifically focus
on equilibrium states with no contacts among rods. Our setup can thus
be seen as a generalization of classical tensegrities that are composed of
rigid rods and tensile cables, to also support rods that elastically deform. We
show how this generalization leads to a rich design space, where complex
target shapes can be achieved with a small set of elastic rods. To explore this
space, we present an inverse design optimization algorithm that solves for
the length and placement of cables such that the equilibrium state of the
rod network best approximates a given set of input curves. We introduce
appropriate sparsity terms to minimize the number of required cables, which
significantly simplifies fabrication. Using our algorithm, we explore new
classes of bending-active 3D structures, including elastic tensegrity knots
that only require a few internal cables. We design and fabricate several
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1 INTRODUCTION

Digital fabrication has revolutionized how we make physical objects
with numerous techniques to shape materials, such as additive or
subtractive manufacturing, injection molding, or robotic forming.
Most of these techniques aim to create a desired 3D shape at rest with
minimal internal stress. A typical example is sheet metal forming,
where the material is plastically deformed by pressing against an
optimized rigid mold.

A complementary strategy is to shape structures based on elastic
deformation. A prominent example is bending-active gridshells,
primarily used in architectural designs [Becker et al. 2023; Lienhard
2014; Panetta et al. 2019; Pillwein et al. 2020; Soriano et al. 2019].
These structures can be assembled from simple straight or planar
elastic components that are then deployed through specific actuation
forces to achieve a desired doubly curved 3D target state.
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Here, we study a specific class of such elastic structures that
we coin tencers, short for tension-constrained elastic rods. These
lightweight structures consist of initially straight, flexible rods that
are shaped through inextensible cables connected to the rods or
external anchor points. A tencer is in static equilibrium when the
tension forces in the cables exactly cancel the bending, stretching,
and twisting forces in the rods. The resulting 3D shapes of the rods
then emerge as a consequence of all the forces acting on them.

The global coupling of forces makes manual design of tencers
challenging, as a small change to the location or length of cables
can have a global impact on the equilibrium state. Furthermore,
we aim for as few cables as possible in our designs to avoid visual
clutter and simplify assembly. As a consequence, every cable needs
to be carefully positioned to contribute as much as possible to the
final equilibrium shape. The resulting topological structure of the
network of cables can be non-intuitive and does not easily emerge
in some incremental process where cables are added one at a time.

We therefore propose a simulation-supported inverse design al-
gorithm for tencers. Our method takes as input a set of target 3D
curves and produces as output the locations and lengths of cables
such that the equilibrium state of the elastic rods best approximates
the target curves. We first initialize our algorithm with a dense
network of non-zero rest length springs that keep the rods close to
the desired target. Our algorithm proceeds from this dense network
and applies a greedy decimation heuristic until only tensile forces
are left. A sparsifying optimization then reduces the spring network
to a minimum size, while guaranteeing that all the springs stay in
tension and a faithful approximation of the target curves is retained.

Our formulation supports arbitrary rod cross-sections and mate-
rial properties. Rods can be open or closed and combined in knotted
or linked arrangements. We are specifically interested in equilibrium
states with no contacts among rods, i.e. each rod is only constrained
by cables but no self-contacts or contacts with other rods. These
configurations can be considered as a generalization of tensegri-
ties, which are commonly composed of rigid rods in compression
and flexible cables in tension. Allowing the rods to deform funda-
mentally changes the underlying kinematics and thus warrants a
different computational approach than those commonly used for
tensegrities, as we will discuss in more detail below.

Contributions. Our main contribution is a physics-based computa-
tional pipeline for inverse design of tencers. Our algorithm solves for
the length and attachment points of cables such that the resulting
equilibrium state approximates a set of target 3D space curves. We
achieve this goal by implementing a nested optimization that tracks
the equilibrium state using a physics simulation while updating
the cable parameters. The number of required cables is minimized
through a sparsity objective, which allows balancing the complexity
of the assembly with the approximation error of the target curves.
We highlight the performance of our approach with a series of design
studies that illustrate the rich design space of tencers. We fabricate
several physical prototypes that show how complex 3D shapes can
be shaped from standard materials such as straight glass-fiber or
aluminum poles and nylon cords. The source code of our algorithm
and all the 3D models we show in the paper can be downloaded at
https://go.epfl.ch/tencers.
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Fig. 2. Selected previous work: Position-based tensegrity design [Pietroni
et al. 2017], design of flexible rod meshes [Pérez et al. 2015], bending-
activated tensegrity [Schling et al. 2015], actuated deformable characters
[Skouras et al. 2013] (image courtesy of Computer Graphics Laboratory,
ETH Zurich), elastically bent tensegrity structures [Molina 2015].

2 RELATED WORK

Our method builds upon previous work on computational design of
constrained elastic systems. Optimization and physics-based sim-
ulation are extensively used in such design processes to provide
user control and enable predictive modeling. One class of design
tools aims at shaping slender curvilinear elements to conform to
a prescribed target (see also Figure 2). If the target is itself one-
dimensional, methods were proposed to make elastic rods [Derouet-
Jourdan et al. 2010; Hafner and Bickel 2021, 2023] and metallic wires
[Hsiao et al. 2018] achieve the desired shape. Hair design [Hsu et al.
2023] represents a practical application of this line of research in
computer graphics. Surfaces have been approximated by rigid wire
assemblies [Garg et al. 2014; Miguel et al. 2016], gridshells [Becker
et al. 2023; Lienhard 2014; Panetta et al. 2019; Pillwein et al. 2020;
Soriano et al. 2019], elastic curve networks [Neveu et al. 2022], elas-
tic ribbons [Liu et al. 2023; Ren et al. 2021], and rods coupled with
elastic membranes [Pérez et al. 2017]. Our setting differs in that we
solve for a set of cables that constrain initially straight elastic rods
to deform into a set of prescribed target curves. Cables and springs
have also been used as means to actuate and deploy folded surfaces
[Kilian et al. 2017], release stress in architectural glass shells [Lac-
cone et al. 2020], and levitate rigid objects while staying hidden to
the viewer [Kushner et al. 2021].

In the context of character animation, tension-constrained elastic
bodies have been studied by Skouras and colleagues [2013]. The aim
of the authors is to find a sparse set of forces that, when exerted on
an elastic solid by an external fixed frame, make the object conform
to a desired set of target poses. Despite having a similar ultimate
goal, in our setup we look for pairs of tensile forces exerted by
cables anchored to the structure at both endpoints. This constraint
restricts the design space, as most force distributions would not
result in a self-standing structure. We then devise an initialization
strategy based on a dense spring network which is reminiscent of
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the Ground Structure Method [Dorn et al. 1964] commonly used in
truss optimization. The dense initialization allows to compute a self-
standing equilibrium state that we use to warm-start the optimizer.
The resulting quadratic complexity of the network requires the in-
troduction of a greedy pre-processing step to ensure the subsequent
global optimization problem becomes tractable.

Tensegrities. Also related to our work are tensegrities, a class
of structures that combine rigid straight elements in compression
(struts) with tensile elements (cables). Despite their seeming simplic-
ity and elegance, the form-finding problem for tensegrity structures
poses significant challenges in terms of topology and shape opti-
mization. The mechanical engineering community has addressed
these challenges using a multiplicity of methods, ranging from de-
terministic force-based computations [Zhang and Ohsaki 2006] to
more stochastic approaches, like genetic algorithms [Koohestani
2012; Lee et al. 2017] for shape space exploration, and Monte Carlo
simulations to evaluate stability [Li et al. 2010].

In general, these form-finding methods make it difficult for the
user to actively influence the output of the computation, and are thus
not ideal for design. Tachi [2013] addressed this issue and proposed
a design framework that allows for interactive editing. Gauge and
colleagues [2014] show how known modules can be assembled
into structures with a given shape. More recently, Pietroni and
colleagues [2017] tackled the more general problem of designing
stable tensegrities that minimize deviations from a user input.

The basic assumption in tensegrities is that the compressive el-
ements are sufficiently stiff to not deform noticeably. This allows
abstracting these elements as rigid bodies, which significantly sim-
plifies algorithm design. In contrast, elastic deformation of rods is
essential for tencers. We note that in principle, our approach can
also be used for the design of classical tensegrities. This, however,
would require drastically increasing the material stiffness of the rods,
which would lead to stability issues in the optimization. Our method
is thus not suitable for efficient design of classical tensegrities.

Tensegrities have been widely exploited in robotics and material
science to improve impact resistance [Pajunen et al. 2019; Rieffel
and Mouret 2018], as locomotion devices [Paul et al. 2006; Rhodes
et al. 2019; Spiegel et al. 2023], and as actuators to control shape
morphing behavior [Caluwaerts et al. 2014; Liu et al. 2017]. For an
in-depth overview of recent research on tensegrity structures we
refer to [Micheletti and Podio-Guidugli 2022]. We envisage similar
application potential for tencers, with additional functionalities that
become realizable due to the elastic deformation of the rods.

Elastic curves. The study of the shapes that physical curves can at-
tain is often facilitated by formulating suitable energy-minimization
problems [Strzelecki and von der Mosel 2017]. Different energy
functional exists that represent, for example, electrostatic charge
[Fukuhara 1988], self-contact interactions in a thick wire [Gonzalez
and Maddocks 1999], or elastic energy [Langer and Singer 1984].
The canonical shape of a knot (i.e. its lowest-energy embedding
with respect to a certain energy measure) is usually the object of
interest of knot simulations [Buck and Orloff 1993]. However, as
knot energies are in general non-convex, multi-stable behavior can
emerge [Furrer et al. 2000; Gilsbach et al. 2021; Vidulis et al. 2023],
making the computation of a global energy minimum a hard task.
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Repulsive knot energies tend to remove self-contacts from the
curve embedding [Yu et al. 2021]. On the other hand, it is known
that a closed, knotted bending-resistant wire cannot rest in stable
equilibrium without points of self-contact [Langer and Singer 1985].
Several analytical and numerical studies provide theoretical and
empirical evidence of this fact [Bartels and Reiter 2021; Coleman and
Swigon 2004; Diao et al. 2021; Gerlach et al. 2017]. One motivation
of our work is to eliminate such self-contacts in physical knots to
create elastic tensegrity knots.

3 OVERVIEW

Figure 3 provides an overview of our computational pipeline for
inverse design of tencers. The algorithm takes as input a set of
smooth 3D curves. These define the targets that the initially straight
elastic rods should deform into when constrained by the set of cables
that we aim to find. We simulate this deformation using the Discrete
Elastic Rods model [Bergou et al. 2010, 2008; Kaldor et al. 2010] that
represents rods as discrete polylines. Here, we focus on naturally
straight rods with uniform, circular cross-section, but our method
is agnostic to the rod model and can handle curved rest states and
arbitrary cross-sections.

We model cables as linear springs with a specific rest length and
stiffness that are connected to the rods or to external anchor points.
Given the rest quantities of the rods and springs, we compute the
equilibrium state of the tencer as detailed in Section 4.

Our inverse design optimization algorithm then solves for the
number, lengths, and attachment points of the springs such that the
deformed rods at equilibrium approximate the target curves within
a user-specified tolerance.

We initialize the optimization by setting the deformed locations
of the initially straight rods to match the target curves. This results
in a non-zero elastic energy and corresponding forces acting on the
nodes of the rod polyline. We compensate for these forces by adding
a dense set of non-zero rest length springs connecting all pairs of
nodes of the discrete curve (Section 5.1).

The algorithm now proceeds in two stages as illustrated in Fig-
ure 3. We first run a greedy algorithm that iterates between comput-
ing an equilibrium state and pruning all springs that are in compres-
sion. Once no compressed springs remain, springs with the lowest
tensile force are removed, assuming that this spring contributes the
least to the equilibrium state, until a user-defined distance from the
target is reached (Section 5.2). While this greedy strategy can drasti-
cally reduce the number of springs, the local nature of the algorithm,
in general, does not yield an optimal distribution of springs. We
therefore perform a global, sparsity-inducing optimization in the
second stage that tracks the equilibrium in its inner loop, while
updating spring stiffness and attachment points (Section 5.3). This
method only becomes tractable due to the significant reduction in
springs achieved by the greedy decimation of the previous stage.

4  SIMULATION

An essential component of our inverse design optimization is accu-
rate tracking of the equilibrium state of a tencer. By definition, the
structure is in equilibrium when the configuration corresponds to a
(local) minimum of its elastic energy.
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Fig. 3. Our computational pipeline takes as input a set of target curves and finds a network of cables that, when attached to straight elastic rods, force them to
deform into the target curves. Our approach starts with a dense network of springs on the target curves. We then run an iterative decimation to obtain a first
reduction in the number of springs, followed by a nested global optimization that further removes springs using a sparsity norm, while reducing the deviation
from the targets. The physical model of this 2D line art sketch has been constructed from three straight glass-fiber rods connected with eight nylon cables.
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Fig. 4. Notation and terminology. A tencer consists of elastic rods con-
strained by tensile springs to approximate a given target curve. Attachment
points on rods are parametrized with respect to the DER nodes.

Rods. Our simulation framework uses the Discrete Elastic Rod
(DER) model [Bergou et al. 2010, 2008]. The centerline of an open
DER is modeled by the 3D polyline connecting n nodes {Xl‘}?:_ol,
which we collectively refer to as x € R™3, The energy of a rod is
the sum of a stretching, a bending, and a twisting term:

Erod(%, 0) = Estreteh (X) + Ebend (X, 0) + Etwist (%, 0), (1)
where 0 := [, ...,0,_2] € R* ! are the angles encoding the local
orientation of the cross-section on each rod edge. The cross-section
rotation is measured with respect to a reference frame updated via
parallel transport. We refer to the work of Bergou and colleagues
[2010; 2008] for more details on the energy terms. To handle closed
rods we use the approach proposed by Vidulis et al. [2023], which
only entails minor, straightforward adaptations in the notation.

We note that, while the nodal positions appear in our design
objective that measures the distance from a target curve (see Sec-
tion 5.3), the twist variables € only influence the design problem
through the computation of the equilibrium state. In practice, our
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design algorithm is agnostic to the parametrization used in the rod
model: Any model relying on an explicit representation of the rod’s
centerline can be used in our framework.

Cables. While rods bend and can resist compressive forces, we
assume that cables only sustain tensile forces and thus are always
straight. In our simulation, we model cables as linear springs, whose
behavior is defined by their stiffness and rest length. While these
springs can also sustain compressive forces, we ensure in our inverse
design optimization that only springs with tensile forces remain in
the final structure (see Section 5).

At equilibrium, the tension exerted by a linear spring can be
equivalently parametrized by either rest length or stiffness, while the
other quantity is held fixed. We can therefore replace all remaining
springs in the final optimized network with inextensible cables
(springs with infinite stiffness) by setting their rest length equal to
the distance between the attachment points at equilibrium.

Tencer representation. We consider tencers composed of R rods
and S = Sg + Sy springs, where Sg external springs connect a rod to
a fixed spatial location and Sy internal springs span between two
rods (potentially the same). We denote the set of simulation degrees
of freedom, i.e. the rod vertex coordinates, by x € R™%3, where
n=ng+---+ng_1, n, is the number of vertices of rod r, and we
overloaded the symbol x previously used for a single rod.

We parametrize the position of internal spring endpoints as a
function of the arc-length of the polygonal centerline curve. To
introduce the notation, we consider an elastic rod defined by the
set of n nodes {xi};’:_ol. A generalization to multiple rods is straight-
forward. In the rest configuration, the arc-length position of node
iis given by y; = 5.;3)||XJ — Xj41]l, with yo = 0. For an open rod,
Yn-1 = L, with L denoting the total length of the rod at rest. If
the rod is closed, we augment the set of nodes with a duplicate of
the first node, i.e. x, = X, such that y, = L. A spring endpoint
attached to the rod is parametrized by the piecewise linear function
a— a(a) st
LN (i -x) forac lyiyiml. @)
Yi#l = Vi

See Figure 4 for a schematic representation of this parametrization.

a(a) =x; +



We define the energy of an internal spring as:

Espring (x: k. L, p) = %k(lla(a) ~b(AI - 12 ®)

where k is the spring stiffness, [ is its rest length, a and b are the
spring endpoints, and a and f are the corresponding arc-length
parameters. Note that the dependency on the degrees of freedom x
is implicitly encoded in the definition of the endpoints a and b. In
case the spring is external, we simply drop the dependency on the
arc-length parameter f associated to the second endpoint.

The explicit parametrization of the spring attachment points
effectively permits sliding motion while guaranteeing that each
spring anchor lies on the rod centerline. The representation is com-
pact, with two variables for each spring, and results in a sparse
energy Hessian thanks to local support stencils, thus preserving the
computational efficiency typical of DER. An alternative approach
to enforcing sliding motion with local stencils relies on distance-
field-based regularization, and has been proposed by Skouras and
colleagues [2013]. In our setting, given the one-dimensional nature
of curves embedded in three-dimensional space, we prefer an ex-
plicit parametrization that uses a single variable per-point instead
of three. This choice also eliminates the need of a weight parameter
that tunes the regularization strength and controls the accuracy of
the curve membership constraint, which in our model is always
satisfied exactly. We note that a similar choice was made to model
sliding contacts in rod assemblies for yarn-level cloth simulation by
Sanchez-Banderas and coauthors [2020].

The total energy of the system is given by:

R-1 S-1
E(SP) = ) Erod, (%) + ), Espring, (X:P), @
r=0 s=0

where p = [k, 1, u] is the set of design parameters, i.e. the spring
stiffnesses k = [k1,...,ks] € RS, rest lengths 1= [I3,...,Is] € RS,
and attachment points along the rods’ centerlines denoted as u =
[0{0, A1s .05 ASp—15 ASE» ﬂSE> s OS—1,s ﬁS—l] € RSE+ZSI~

We can then compute an equilibrium state corresponding to a
specific choice of the design parameters by minimizing the energy
with respect to x:

x*(p) = arg min E(x; p). (5)

We refer to Section 5.3 for details on how to solve this optimization
problem.

5 INVERSE DESIGN OPTIMIZATION

With equilibrium simulation in place, we can now define our inverse
design optimization that aims at finding a small set of springs such
that the equilibrium position of a tencer approximates the target
curves within a user-defined threshold.

5.1 Initialization

For each individual curve of the set of target curves, we initialize
a separate rod of the same length with straight rest shape. We
define the initial deformed positions x by sampling the input curves
uniformly at a user-specific resolution. Springs are initialized by
creating a dense network that connects all pairs of deformed rod
vertices. The rest length [ of each spring is set to the initial distance
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of the spring endpoints with a high initial stiffness parameter (see
below). These springs effectively act like stiff beams that hold the
elastic rod in position. The equilibrium state of the rods is then
computed according to Equation (5). Due to the large number of
stiff constraints enforced by the springs, the resulting deviation of
the rods from their target position is negligible at this stage.

5.2 lterative Decimation of Springs

Pruning compressive springs. Given the initial equilibrium state,
we first prune all springs whose length at equilibrium is smaller
than their rest length. This removes all springs that experience
compressive forces, which do not correspond to the action of a
physical cable. Since this modification changes the force balance,
we re-run the equilibrium solve and iterate the pruning.

The inset figure shows a typical
curve representing the number of
remaining springs after pruning
as a function of the initial spring | |
stiffness. We found that a value
of k = 1001"‘%2 (red dot), where
E is the rods’ Young modulus, ¢
their thickness and L their length, w0 0 0 0
provides a good compromise that
allows removing many compressive springs while pinning the rods
very close to the target state. At the same time, we avoid extreme
stiffnesses that would cause numerical difficulties. This curve was
generated from the (5,3)-torus knot in Figure 10; the other design
studies show analogous behavior.

External Frame. If the internal springs that remain after removing
all compressed springs are not sufficient to retain the equilibrium
shape within the approximation tolerance, the user is given the
option to add external springs that connect each rod node to external
anchor points. These anchors can be placed arbitrarily as long as
their convex hull completely encloses the target curves. For a 3D
shape, this can be achieved with a minimum of four points. External
anchors might also be part of the design specification, for instance,
if a tencer is suspended in a pre-defined space.

Greedy Decimation. After the elimination of all compressive springs,
there can still be many springs with low tensile force contribution.
We thus proceed by greedily removing the spring with the lowest
force, which we assume has the smallest contribution to the global
equilibrium state. After this removal, we recompute the equilibrium
and prune any springs that have switched from being tensioned
to being compressed. We terminate this greedy decimation once
the approximation error has exceeded the user-specified tolerance.
In practice, we found that setting this threshold to 5e-6-Ln, with n
the number of vertices and L the rod length, strikes a good balance
between target approximation and running time.

5.3 Global Optimization

Greedy decimation leads to a drastic reduction in the number of
springs but does not necessarily find a satisfactory set of springs
(see also Figure 5). We thus further optimize the spring network in
a global optimization that proceeds in two steps. We first reduce
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Fig. 5. The global optimization significantly improves the results compared
to greedy decimation only. For models shown in Figure 14, we run both
methods until they reach the same number of springs to compare the
deviation from the target. The orange dots indicate the result after greedy
optimization with an additional global stiffness optimization but without
the sparsity objective. We highlight an example model in the bottom row
illustrating the different quality of the results.

the number of springs by pushing certain spring stiffnesses to zero
using a sparsity objective. Such springs can be removed from the
tencer without incurring a change in the equilibrium shape. We then
optimize for the attachment points of the springs to further reduce
the deviation from the target curves.

We achieve this goal by formulating an objective function that is
composed of two terms as

J(p) =T (x(p) +S(p). (6)
The term 7~ measures the distance between the current equilibrium
state x*(p) and the target curves as

n—1
T(x) = > lxi - il Y]
i=0

where X; indicates the vertex coordinates of the discretized target
curves. The term S enforces spring sparsification:

SE SE+Sr
S(p)=we ) Kl+w; Y K ®
s=1 s=Sg+1

where w, and w; are weights that control the relative importance of
sparsity for external and internal springs, respectively, in relation
to the shape optimization term. In practice, these weights are first
set to 0 to get as close to the target as possible, then set to 1 and
iteratively increased by a factor of 10 to explore several designs
until an appropriate trade-off between the number of springs and
the distance to the target is achieved (see Figure 6). For structures
with an external frame, external springs are sparsified first.
Ideally, we would want to use an Ly-norm so that S simply counts
the number of springs with non-zero stiffness. Unfortunately, the
Lo-norm is discontinuous. Following Skouras and coauthors [2013],
we then use an Lg-norm, with q = %, to trade exact counting for
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differentiability. Since Lg-norms with g < 1 are still not differen-
tiable at zero, we perform the change of variables K = k7 proposed
by Panetta et al. [2019] to eliminate the singularity. We also set
non-negativity bounds on k to constrain the design space to phys-
ically meaningful solutions. Figure 6 illustrates the effect of the
sparsification term S.

The pairwise distance objective defined in (7) is sensitive to rigid
motion. For self-standing shapes, whose global position and orien-
tation are not fixed by external anchor points, we align the target to
the shape at every iteration during optimization. To rigidly register
the curves, we translate their centers of mass and perform closest-
point matching with known pairing by computing a singular value
decomposition [Sorkine-Hornung and Rabinovich 2017].

Spring rest length. Since the equilibrium solve is now in the in-
ner loop of the optimization, we cannot easily prune compressive
springs without creating discontinuities. Instead, we use the fol-
lowing strategy: After the greedy decimation stage, we set the rest
lengths of all springs to zero and adapt the spring stiffnesses to
obtain the same force profile of the current equilibrium state x*
(see also the paragraph on cables in Section 4). This ensures that x*
remains an equilibrium state also for the zero-rest-length springs.
Since such springs will always be in tension, we do not need to
prune them from the structure. The reduction in springs will be
solely handled by the sparsity objective.

One additional issue arises. While the adaptation of spring stiff-
nesses ensures that the force profile remains identical when switch-
ing to springs with zero rest length, the equilibrium state is no
longer guaranteed to be stable, i.e. can be at a saddle point of the
elastic energy. This is problematic since the solver will then imme-
diately escape to a different configuration with lower elastic energy,
but potentially significant deviations from the target curves. We
detect this issue by analyzing the eigenvalues of the energy Hes-
sian after having set the rest lengths to zero. Negative eigenvalues
indicate that we are at a saddle point. In this case, we search for the
smallest rest lengths that result in a positive definite Hessian, since
the smaller the rest length is, the less likely it is for springs to get
compressed. We test 99 values, uniformly spaced from 1% to 99% of
the current rest lengths. This check only takes a few of seconds on
the largest designs. In our experiments, we generally observe that
we only require minor increases in rest length to obtain a stable
equilibrium. This ensures that we will be able to replace the springs
in the final structure with inextensible cables. We comment on a
few exceptions in Section 6.3.

Spring Attachment Sliding. So far, we keep the spring attachment
points fixed, while optimizing the spring stiffnesses using the spar-
sity term to further reduce the number of springs. Attachment points
have been constrained to the vertices of the DER polyline selected
during initialization. We now apply an additional optimization step
that helps reduce the approximation error by letting the spring
attachment points slide along the rod centerlines. In this step, we
remove the sparsity term S from the objective function and only
optimize 7~ over both u and k.

For open rods, we constrain each arc-length position of each
spring endpoint to lie in the interval [0, L], where L is the length of
the corresponding rod centerline. This prevents the springs from
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target curve

Fig. 6. Effect of the sparsification weight w; on the number of springs and the deviation from the target curve, shown with transparency. Our algorithm
allows exploring different tencer designs to find the most appropriate trade-off. The example shows a (5,2)-torus knot.
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Fig. 7. A typical evolution of our optimization pipeline. We start from a dense network of springs that almost perfectly reproduces the target curves. The
greedy method and global optimization reduce the number of springs at the cost of an increase in the deviation from the target curves. The final stage reduces
this deviation by fine-tuning the spring attachments and letting them slide along the rods.

sliding off the rod. For closed rods, we measure the positions modulo
L to allow cyclic sliding. As illustrated in Figure 7, this additional
spring sliding step reduces the approximation error noticeably.

Numerical Solver. As the distance-to-target term 7 is evaluated
at equilibrium, we execute two nested optimization loops. The inner
loop solves for the equilibrium corresponding to a given set of
springs, while the outer loop minimizes the objective by improving
the design parameters p. For the inner equilibrium solve we use
the Newton-based optimizer originally proposed by Panetta and

coauthors [2019]. For rods with a few hundred vertices at most,
we empirically select a convergence tolerance of 1le-7, and observe
that setting the maximum number of iterations to 1000 is sufficient
in most cases. To eliminate the zero-energy rigid motion of the
system at each Newton step, we shift the Hessian eigenvalues by
a small amount (le-6 in our experiments). We refer to [Panetta
et al. 2019] for more details on the Newton-CG trust region method,
implemented in the commercial solver Knitro [Byrd et al. 2006], that
we use to solve the outer design loop. In our experiments, we set the
trust region radius to 5e-3, the gradient convergence tolerance to

, Vol. 1, No. 1, Article . Publication date: September 2024.
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Fig. 8. Top: An elastic ring buckles into 3D as the length L of a cable spanning
its diameter D is reduced. M indicates the smallest side of the tightest
bounding box. As L approaches zero, the rod flattens into a self-intersecting
eight-shaped configuration. The solid and dashed lines represent stable and
unstable equilibria, respectively. Bottom: If one of the 2D unstable equilibria
is chosen as target (T), the first-order optimizer returns an exact match,
regardless of the stable equilibrium for that cable length being far (B); the
second-order optimizer converges to the closest stable equilibrium (A). The
measured deviation from the target (right) confirms that the second-order
solution is the correct stable minimizer.

1le-5 and maximum number of iterations of the outer loop to 1000, as
we observe that a few hundreds of iterations at most are generally
sufficient for the algorithm to converge. To ensure reproducibility,
the data and the source code implementing our method can be found
at https://go.epfl.ch/tencers.

Equilibrium conditions. During optimization, we enforce second-
order equilibrium conditions as hard constraints by solving Equa-
tion (5). We notice that first-order equilibrium conditions enforced
as soft constraints are often sufficient to simulate material systems
that are less prone to buckling [Skouras et al. 2013]. Computing
stable equilibrium states, however, is crucial for tencers, as saddle
points of the energy are frequently encountered, and the correspond-
ing configurations would buckle away from the desired target if
fabricated. Figure 8 shows a simple tencer in which this buckling be-
havior occurs. We consider an elastic ring with a cable spanning its
diameter. As the cable is shortened, the 2D configuration becomes
unstable, and the ring warps out of plane. If one of the unstable
equilibria is used as target for a design problem, first-order equi-
librium conditions would misleadingly result in a perfect match,
even though the physical structure would settle into a significantly
different 3D state. Second-order conditions allow computing the
stable state closest to the target. Analogous buckling behavior was
frequently observed in all our designs. We notice how exactly enforc-
ing equilibrium conditions also provides an advantage in interactive
design exploration applications, as every state the optimizer visits
is a physically stable state ready to be fabricated.
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6 RESULTS AND DISCUSSION

In this section, we show a number of design studies created with
our optimization framework. Please refer to the supplemental video
to better appreciate the 3D shape of these models. We also present
experiments to evaluate our approach, and discuss limitations and
directions for future work.

Fabrication. To validate the predictive accuracy of our simulation,
we fabricated four models, see Figures 1, 3, and 11. Overall, we see
great agreement between simulation and physical models, in line
with several previous works that have validated the accuracy of
the DER model. The pool of fabricated designs encompasses the
whole set of features tencers support: 2D and 3D targets, made of a
single or multiple, closed or open curves; the rods can have different
material properties; the shape can be self-standing or suspended
from an external frame. We refer to the supplemental video for more
comparisons between physical models and simulation results.

Three prototypes are built from elastic glass fiber rods with a diam-
eter of 2 mm (the 2D torus also contains two 1 mm rods), tensioned
by nylon cables. The fourth prototype (Figure 1, right) is made from
aluminum poles with a diameter of 8.5 mm and polyester cables. For
the models that include glass fiber closed rods, the rod extremities
are inserted into a spring pin and glued with thick cyanoacrylate
glue. The cables are attached to the rods using clove hitch knots.
After all cables have been positioned, their endpoints are glued to
the rods to prevent sliding.

Symmetry constraints. We provide an additional feature for sym-
metric curves by allowing the user to specify symmetry constraints
on the springs. These consist of identity constraints on the sym-
metric springs’ stiffnesses and affine equality constraints for the
endpoint positions. They are enforced through a change of variables
in the design objective and can represent different types of symme-
try, such as reflection (see Figure 15 and 13) or rotational (Figure 1,
6,9, 10, and 12).

Performance. We sample target curves in a range of 100 to 400
samples depending on the curve complexity. Runtime varies signifi-
cantly across models due to the intricacies of the Newton line-search
method. We measured runtimes between a few seconds and 40 min-
utes on a 64-Core AMD Ryzen Threadripper 3990X Processor with
128 GB of RAM. See Table 1 for detailed timing data.

6.1 Design Studies

Figure 9 shows the simplest possible knot, the trefoil. Without cables,
the minimum energy state for a rod with straight rest shape is a
double-covered circle with continuous self-contacts [Gerlach et al.
2017]. We specify three different analytical curves with trefoil knot
topology as targets and run our optimization to find the placement
and lengths of cables that force the rod towards the desired curve.

Figure 10 shows a tencer that approximates a 5-3 torus knot, mod-
eled by the analytical function shown in the figure. The parameter
p counts how many times the curve winds around the axis of rota-
tional symmetry of the torus, while q counts how many times the
curve winds around the inner circle of the torus. The same func-
tion is used in Figure 1, where two interleaved trefoil torus knots
mutually suspend each other.


https://go.epfl.ch/tencers
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Fig. 9. Three different analytical functions define the target curves of the
trefoil knot, formed from a single straight elastic rod.

analytical formula target curve

x rcos(p¢g)
y| = |rsin(pg)
z —sin(q¢)
with r = cos(g¢p) + 2.5
0<¢<2r

Fig. 10. An elastic rod is tensioned by 21 cables to form a (5,3)-torus knot.
The target curve is given by the analytical formula of the (p, q)-torus knot.

Figure 11 shows a single open rod that is deformed into a helix.
This structure cannot retain its shape with internal springs only, so
the algorithm adds external springs to suspend the structure from a
cubic frame specified by the user.

Figure 12 shows the Borromean rings, three closed rods that form
a Brunnian link [Berrick et al. 2006]. Such a link cannot be separated,
but breaks apart into separate unknotted loops when any one of its
components is removed. While a single closed rod would settle into
a circle at equilibrium, it is known that the Borromean ring topology
cannot be realized with exact circles [Freedman and Skora 1987]. For
the model at the top of Figure 12, we thus prescribe as target curves
three ellipses that can be embedded without self-intersections. Ca-
bles are constrained to only pass between different rods to create
mutual dependency between the rings in the equilibrium state. The
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free-form variation shown on the right of the same figure requires
more cables, including cables within the same rods.

We created some designs based on 2D and 3D sketches that il-
lustrate the potential of tencers for freeform design. We adapt our
pipeline to 2D examples by pinning the z-coordinates of all variables.
Figure 3 shows a tencer composed of three separate rods that repro-
duce a 2D line-sketch of a 3D torus. The resulting structure is planar.
The two inner rods have a cross-section with 1 mm diameter, while
the outer rod has a diameter of 2 mm. Given the mild curvature of
the target curves, a coarse discretization with only 26 total nodes is
sufficient to model the shape accurately during optimization. This
choice results in an efficient, almost-interactive update rate, with the
whole design pipeline taking only 10 seconds (see Table 1). The final
result is then forward-simulated using 100 nodes per rod to confirm
its stability. The maximum distance between the physical model
and the optimized result is 0.88% of the bounding box diagonal.

In Figure 13 we approximate the curves of the SIGGRAPH Logo.
For this model with open rods, external anchor points are needed
to constrain the endpoints of the rods.

Figure 15 shows a design study with a tencer composed of three
closed rods that approximate the head of an owl. The optimized
cables respect the reflection symmetry of the target curves.

6.2 Evaluation

The above studies give an indication of the flexibility for design
provided by our framework. To gain further insights into the design
space of tencers and the performance of our algorithm, we conducted

20 cm

==
="

simulation physical model

Fig. 11. A 3D helix formed by a straight elastic rod suspended from a frame,
viewed from two different angles (top and bottom). The target curve is
a cylindrical helix with a diameter of 50 cm and a pitch of 33 cm. The
rod is constrained by 6 internal and 8 external cables. We refer to the
accompanying video for a 3D view of the model.
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Table 1. Statistics of examples shown in the paper: Number of rods, number of vertices per rod, rod lengths in cm, and timings for the greedy decimation,
spring sparsification and spring attachment sliding phase, provided in seconds. Max. Error measures the maximum distance between the simulated curves and
the target, in % of the model bounding box. The value of the rods’ Young modulus is set to 40 GPa, although the final result is insensitive to this value as the

simulation, in particular the initial spring stiffness, is scaled. The thickness of the rod is set to 2 mm, except for the 2D torus that also contains two 1 mm rods.

Running times (s)

Model (Figure) #rods #vertices Rod lengths (cm) Greedy Sparsification Sliding Max. Error
Twin trefoils (1) 2 102,102 398,398 34 40 22 5.4
2D torus (3) 3 16,5,5 96,16,10 0.3 8 0.8 0.7
Trefoil (9, left) 1 102 198 1 9 1 0.8
Trefoil (9, center) 1 102 198 1 27 9 1.7
Trefoil (9, right) 1 102 198 0.6 11 2 5.7
Torus knot (10) 1 201 437 37 16 2 1.1
Helix (11) 1 100 96 0.7 69 7 5.3
Borromean rings (12, left) 3 100 (x3) 36 (X3) 3 6 40 0.3
Borromean rings (12, right) 3 100 (x3) 85 (X3) 22 928 51 0.5
SIGGRAPH logo (13) 6 37,4327 (x2) 33,43,40 (x2) 2 31 18 1.6
Owl (15) 3 64,256,24 305,699,42 12 1513 715 7.6
Treble key 1 136 35 6 228 5 2.8

Fig. 12. Two topological links with interconnected components. Left: A
tencer with three ellipses arranged as Borromean rings, realized with 12
cables. Right: A tencer with geometrically more complex rings requires 48
cables. The top and bottom images show different views of the same model.

two additional experiments. In a first study, we generated 50 tar-
get curves by computing the forward equilibrium of a closed rod
constrained by different numbers of random springs with zero rest
length. While only representing a small sample of the infinite space
of realizable tencer knots, these curves exhibit geometric and topo-
logical diversity as illustrated in Figure 14. The known, ground-truth
solution of these target curves facilitates a quantitative analysis of
the performance of our optimization algorithm. We observe that
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our method was successful in recovering the target curves, albeit
often with a different set of strings. This indicates that there can be
multiple solutions that provide good approximations of the same
target curve. This offers additional design freedom to satisfy other
potential constraints, for example on the maximum length of cables
or to exclude certain regions that cables can pass through.

For our second study, we generate visually pleasing 3D curves by
applying the repulsive-curves method of [Yu et al. 2021] on a set of
knot topologies. While the resulting target curves are smooth and
have relatively low curvature, we cannot assume that an accurate
tencer with few cables exists. Figure 16 shows the results produced
by our method. Overall, these experiments indicate that tencers offer
arich design space with many opportunities for creative exploration.

6.3 Limitations and Future Work

Our evaluation indicates that our optimization provides an effective
tool for the design of tencer structures. Since our objective is non-
linear and non-convex, our gradient-based optimization in general
converges only to a local minimum. While performing well in prac-
tice, we cannot guarantee that our sparsity optimization finds the
globally optimal solution with the smallest number of cables. More
fundamentally, we do not yet have a comprehensive understanding
of the design space of tencers. Specifically, we cannot predict if a
given target curve is realizable with internal cables only or how
many cables are needed to reach a certain approximation error.

Currently, the number of cables in the output is controlled indi-
rectly by adapting the sparsity weights. Due to the above-mentioned
local minima, it is not always guaranteed that a higher sparsity
weight leads to fewer cables, which complicates the direct explo-
ration by tuning this parameter. In the future, we aim to implement
an automatic weight tuning scheme that allows directly specifying
the desired number of cables. The algorithm should then automati-
cally adapt the sparsity weights to reach this target.

The instability that can occur when we transition from springs
with finite rest length to zero rest length in the global optimization
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constrained endpoints outer frame

389 cables

constrained endpoints
20 cables

rod rest states constrained endpoints

no cables

Fig. 13. Six initially straight rods are deformed to match the SIGGRAPH logo. The endpoints of the six rods are pinned in place. These constraints alone are
not sufficient for faithfully reproducing the shape. Our algorithm is able to find a network of only 20 internal cables that faithfully approximates the input.
The rod endpoints can then be fixed using additional cables attached to an outer frame.
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Fig. 14. A set of target curves (left) that have been generated with forward simulation of random cable attachments on a closed rod. In the plot (middle),
colored horizontal lines indicate the number of cables used to create these targets. The dots show the number of cables in the corresponding optimized solution.
On the x-axis we plot the approximation error. Two highlighted model show examples where our optimization produced significantly more (A) or fewer (C)
cables than the targets. All models retained the target shape to within the tolerance threshold with model B having the highest deviation from the target.

requires gradually increasing rest lengths until the equilibrium state
is a stable local minimum (see Section 5.3). At this point, we have
no guarantee that this increase does not create springs in compres-
sion during optimization. In such a case, which occurred for 3 of

the 50 curves used for the method evaluation shown in Figure 14, | X J
we terminate the global optimization early to ensure fairness and ‘ ) U ( .
consistency across the random sample. Instabilities were resolved ‘ ARED (

as discussed in Section 5.3 for all the other design studies.

When a tencer is made of multiple rods, there is no guarantee
that the spring network resulting from the optimization proce-
dure blocks all zero-energy relative rigid motion between rods.
While this situation did not occur in \
any of our results, we can easily de-
tect such a case by checking if the en-
ergy Hessian has any zero eigenval-
ues. More cables can then be added
to block all inter-rod rigid motions.

In the inset, we show an example

front view top view

Fig. 15. A tencer composed of three closed rods constrained by 72 cables.
The target curves are from a 3D sketch of an owl’s head. The optimized
tencer approximates the target shape closely.

where a 2D curve has been manually
transformed into a 3D target curve.
The orthogonal shadow projections
give an indication of the 3D shape. While the optimization finds a

\

solution, the number of cables is high, even when we allow signifi-
cant deviations from the input. Here a more satisfactory solution
could be found if our shape preservation term was not formulated
directly on the 3D vertex positions, but only on their 2D projections,
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since the design intent is mainly to reproduce the 2D curve from
a single point of view. This would increase the search space and
potentially allow for a solution with significantly fewer cables.

While our design optimization exclusively considers stable equi-
librium states as candidate results (forward), we do not analyze the
stability of the found local minimum with respect to small inaccu-
racies in the assembly of cable positions and lengths (inverse). In
practice, the models we fabricated did not show such instability and
all settled in the predicted equilibrium state.

The inset shows a vibrational
mode of a tencer, illustrated as an
offset curve proportional to the

/ mode magnitude. A more in-depth
analysis of the deformation behav-
ior could be a basis for future al-
gorithms that, in addition to geo-
metric fidelity, also optimize the
tencer for structural behavior. This
will be important for applications,
for example in architecture, or if tencers are used as building blocks
for mechanical metamaterials.

Other interesting areas of future work include actuated systems
with potential applications in robotics. For example, tencers could
be used to design string-actuated robots that dynamically deform
to create locomotion, absorb shocks, and adapt the robot’s shape to
different environments. Tensegrity-based robots are classically built
using elastic cables. Our system adds compliance in the rods, intro-
ducing new morphing behavior and material properties. Studying
buckling instabilities to trigger fast and drastic shape transforma-
tions is another avenue of future research. We also envision fabrics
replacing or complementing tensile cables, with interesting potential
applications in adaptive facades.

Finally, tencers are interesting objects of theoretical study. We
mention a few open questions: For an elastic knot of a specific knot
type, what is the minimal number of cables needed to separate
all self-contacts? Does a tencer have multiple stable equilibrium
states? If so, is a transition between such states possible without
inter-penetrations of rods or cables?

7 CONCLUSIONS

We introduced tencers, tensioned-constraint elastic rods, as a versa-
tile new class of lightweight, bending-active structures. The complex
balance of elastic bending and compression forces in the rods and
tensile forces induced by the cables makes manual design of tencers
highly challenging. Our optimization algorithm addresses this chal-
lenge and provides an effective framework for design exploration.
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