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Fig. 1. A trefoil lamp assembled from developable surface strips. This C-tube has been optimized to perfectly align the triangular profiles at the start and end
point of the input trefoil curve in a way that results in a single developable surface strip for the whole model. This strip is cut into segments for fabrication as
shown on the left. The photos show the physical model with an interior light from different viewpoints.

We introduce C-tubes, 3D tubular structures composed of developable surface
strips. C-tubes can be understood as a generalization of Monge surfaces—
a special class of sweep surfaces—towards the recently introduced cone-
nets. This observation allows formulating a constructive algorithm to create
tubular structures that ensures developability of the constituent surfaces,
while significantly broadening the design space. Our novel form-finding
tool enables design exploration by solving for the input variables of the
constructive algorithm so that the C-tube best conforms to user-specified
objectives. We discuss several case studies that illustrate the versatility of
our approach for the design and fabrication of complex structures, with
applications in architecture, furniture, and lighting design.
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1 INTRODUCTION

Complex freeform geometries find application in numerous do-
mains, e.g., in the design of architectural structures, engineering
components, consumer products, or medical parts. Mapping a dig-
ital model to cost- and material-efficient fabrication processes is
critical in these domains, which has motivated research efforts on
fabrication-aware computational design [Bermano et al. 2017].

Shaping complex curved shapes from planar, but flexible or fold-
able sheet material is one prominent example of a specialized man-
ufacturing process that can lead to significant cost savings. This
approach is relevant across a wide range of applications and scales,
from architectural freeform facades, to origami-inspired deployable
space structures, furniture design, kirigami-based materials, down
to the design of micro-scale foldable robots [Yuan et al. 2023].

Mathematically, we can model surfaces that can be unrolled into
the plane without stretching or tearing as developable surfaces. These
surfaces are characterized by the existence of a family of ruling lines
along which the tangent planes remain constant [Pottmann and
Wallner 2010]. Equivalently, developable surfaces can be understood
as surfaces with zero intrinsic curvature, implying local isometry
to a plane. This property, despite being particularly attractive for
fabrication, translates into severe constraints for a globally smooth
surface to be developable, and extensive work has been done on
the design of piecewise developable surfaces. Such surfaces can
be decomposed into single-curved developable patches that admit
tangent discontinuities along the connecting boundaries, allowing
for more design flexibility.

In this paper, we explore tubular structures composed of devel-
opable strips, that is, elongated patches of developable surfaces (see

ACM Trans. Graph., Vol. 44, No. 4, Article . Publication date: August 2025.


https://doi.org/10.1145/3730933
https://doi.org/10.1145/3730933

2« Michele Vidulis, Klara Mundilova, Quentin Becker, Florin Isvoranu, and Mark Pauly

Figure 1). Geometrically, such structures can be modeled as sweep
surfaces, where a profile curve is swept along a 3D space curve. We
model the profile curve as a (possibly non-planar) polygon and focus
on cases where the resulting sweep surface is composed of devel-
opable surface strips. We call such structures C-tubes to emphasize
their connection to cone-nets, which will be discussed below.
While reducing cost and simplifying assembly, the developability
constraint is challenging to enforce a posteriori through optimiza-
tion, often resulting in significant deviations from the initial design.
We therefore propose a computational design and form-finding
method that guarantees exact developability by construction. To
achieve this goal, we make the following technical contributions:

e We present a theoretical analysis that provides a classification
of the design space of C-tubes and establishes relations to
existing surface constructions for discrete and continuous
developable surfaces.

o Building upon insights of our analysis, we propose a construc-
tive technique to create C-tubes that is simple to implement
and guarantees developability by construction.

e We introduce a numerical optimization method for C-tubes
that solves for the input variables of the constructive algo-
rithm to best match the resulting C-tube to user-specified
design objectives.

We present a series of design studies that illustrate the versatil-
ity of our approach for the design of complex 3D structures with
applications across a range of scales. Prototypes constructed from
different sheet materials validate our computational design method.
All geometric models, the complete source code, and all algorithm
parameters are available at https://go.epfl.ch/c-tubes.

Overview. The remainder of the paper is organized as follows.
We first summarize related work in Section 2, before discussing
cone-nets and Monge surfaces in more detail. These two surface
classes are relevant since our method can be seen as an implemen-
tation of (semi-) discrete cone-nets that generalize Monge surfaces.
Specifically, in Section 3 we introduce a generalization of Monge
surfaces that inherits the simplicity of their constructive approach
while providing a significantly expanded design space to better
meet user constraints. This additional flexibility is exploited in a
form-finding optimization presented in Section 4 that solves for the
centerline curve and all other relevant shape parameters of a C-tube,
while ensuring developability of its surface strips by construction.
In Section 5, we illustrate how our method can be used for chal-
lenging design tasks, discuss its limitations, and propose areas for
future research. We provide a more in-depth study of the properties
of C-tubes in the Appendix. In particular, we show how to design
torsion-free support structures for C-tubes and discuss how our
approach can be used to construct special classes of cone-nets.

2 BACKGROUND AND RELATED WORK

Joining or gluing developable patches along their curved boundaries
can produce a wide variety of free-form geometries with diverse
topologies, including open discs, tubes, spheres, or even higher-
genus structures. In this section, we examine related work on shapes
derived from developable patches and provide an overview of the
background on cone-nets and Monge surfaces.
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Fig. 2. A design study of a lighting fixture cast from transparent acrylic.
Parts of the C-tube mold used for casting are indicated on the left.

2.1 Shapes from Developable Patches

Research on structures composed of developable patches focused
on several questions, including:

(1) Given a target shape, how can it be approximated using de-
velopable patches?

(2) Conversely, given a predefined set of developable patches
and an understanding of how to connect them along their
boundaries, how can the resulting shape be determined?

(3) Given a target shape and a constructive design concept, how
can this concept be effectively applied to derive functional
shapes composed of developable patches?

The tools used to explore these questions are diverse, encompass-
ing experimental fabrication, differential geometric analysis, and
advanced computational methods for modeling, optimization, and
simulation.

This paper mainly contributes to the third research question by
presenting a theoretical framework and computational approach
for approximating a given curve (or network of curves) with tubu-
lar structures composed of developable strips. For completeness
and to highlight the general complexity and interdisciplinary in-
terest in computational design with developable patches, we also
discuss related work addressing the other questions. It is important
to note that some works discussed below contribute to approaches
addressing multiple of the above research questions.

Approximation of Shapes Using Developable Patches. The use of
strip models provides valuable educational and visual insights into
representing specific surface classes. For example, [Sauer 1942]
employs discretizations and strip models to illustrate concepts from
smooth differential geometry.

Analytical approximation of shapes with developable patches and
their topological implications have also been the subject of recent
studies. Inspired by rolling shapes, Raffaelli et al. [2016; 2018] find
analytical approximations of surfaces using Cartan ribbons. The
special case of surface foliations along geodesic curves has been
studied by Brander and Gravesen [2017; 2018]. This case is closely
related to the Monge surfaces discussed in Section 2.3.

Computationally, the approximation by developable patches is
addressed by [Stein et al. 2018] using a variational approach on tri-
angular meshes, by [Sellan et al. 2020], who enforce developability
on height fields, and by [Ion et al. 2020], who use discrete orthogonal
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nets. The remeshing of triangle meshes representing piecewise de-
velopable surfaces to planar quad dominant meshes is considered in
[Verhoeven et al. 2022]. Approximating sketched boundaries with
developable patches is explored by [Rose et al. 2007]. Motivated
by architectural applications, the generation of strip models using
refinement and optimization is discussed by [Liu et al. 2006].

A special case occurs when developable patches are joined to
form a disc-like geometry that is globally developable, that is, the
individual developable patches can be placed next to each other with
no gaps between them. This property allows the resulting shape to
be fabricated through folding along curves, a process often referred
to as curved crease origami. [Kilian et al. 2008] develop a framework
for design and approximation of developables with curved creases,
using a planar quad dominant mesh. Encoding patches as 2 X n B-
spline surfaces and optimizing their control points for developability
is subject of explorations in [Pottmann et al. 2008; Tang et al. 2016].

Generation of Shapes by Joining Developable Patches. Rather than
cladding given surfaces with developable patches, the exploration
of shapes formed by joining developable patches has also been a
topic of investigation. A prominent example are D-forms, created
by joining two developable patches with equal perimeter along
their boundaries to form closed volumes. First introduced by [Wills
2006], D-forms were formalized by [Pottmann and Wallner 2010]
and further analyzed by [Demaine and Price 2010].

While D-forms can be readily fabricated manually, their analytical
description is complex, and only a few parametrizations are known.
For example, the parametrization of the squaricle, a D-form created
by gluing the boundaries of a square and a circle, is discussed by
[Mundilova 2024, Chapter 9]. Using their publicly available modeler
TopMod3D [Akleman et al. 2008], Xing et al. [2012] design D-forms
with tubular handles. Recent work by [Huang et al. 2023] provides
an optimization-based framework for the exploration of D-forms.

David Huffman was one of the first to systematically study the
behavior of paper when folded along curved creases, see [Demaine
etal. 2011; Koschitz 2014]. Today, David Huffman’s designs continue
to serve as a foundation for theoretical exploration [Demaine et al.
2018]. Computationally, the design and reconstruction of complex
curved crease shapes using optimization have been explored through
planar quad-dominant meshes [Solomon et al. 2012] and discrete
orthogonal geodesic meshes [Rabinovich et al. 2019].

Application of Design Concepts to Target Shapes. Designing with
developable patches for functional purposes is inherently challeng-
ing and often demands customized solutions. In addition to the
work discussed above, several approaches have focused on applying
selected design paradigms to target shapes.

Inspired by tessellations of David Huffman discussed in [Demaine
et al. 2015], approximating polyhedral shapes (target) using curved
crease modules in the shape of lenses (design concept) was explored
by [Stern and Maleczek 2018] and [Kraft et al. 2023]. In the latter
work, as in our approach, local developability is inherently ensured
by construction, while optimization techniques are employed to
achieve global developability.

Another notable example is the work by [Jiang et al. 2019] on the
computational treatment of curve-pleated structures. In their work,
the target shapes are curves or surfaces that are approximated using

Discrete cone-net

Semi-discrete cone-net (type 1)

Fig. 3. lllustration of cone-nets and their smooth or discrete tangential
cylinders and cones. We focus on the cone-nets shown in the bottom row.

discretized curved pleats as the design concept. The authors enforce
the two constraints, curved crease and developability, through opti-
mization applied to the vertices of discretized meshes. In contrast,
our method only considers local developability, which is inherently
satisfied through the construction process.

Focusing on foldability, [Tachi 2013] introduced composite curved
crease origami structures composed of rigidly foldable tubes along
curves. Structures that approximate networks of curves with curved
creases were studied in [Chandra et al. 2015], while multilayered
foldable shells were explored in [Bernhard and Maleczek 2023]. In
this paper, we explore the generation and optimization of tubular
structures composed of developable strips and their discrete coun-
terparts, focusing on individual patches and their local rather than
global developability, which offers more flexibility for design.

The recent method of [Maekawa and Scholz 2024] can be used
to build tubular structures with developable strips using rotation-
minimizing frames. This choice limits the results to Monge surfaces.
We show a comparison to this approach in Section 5.

2.2 Cone-nets

In recent work by [Kilian et al. 2023], the authors investigate smooth
cone-nets, that is, surface parametrizations where the enveloping
developables of one family of parameter curves are cylinders or
cones, rather than generic developable surfaces.

Locally, any surface can be reparametrized as a cone-net. For
an intuitive explanation of the corresponding geometric construc-
tion, see Section 2.1 of [Kilian et al. 2023], which generalizes an
approach originally described by [Boklen 1884]. In addition to study-
ing the properties of such parametrizations, Kilian and coauthors
also discuss their discrete counterparts, discrete cone-nets, which
are regular planar quad (PQ) meshes with one family of strips lying
on discrete cones or cylinders. Discrete cone-nets should not be con-
fused with conical nets, which are PQ meshes where the adjacent
faces around each vertex are in tangential contact with a cone of
revolution [Liu et al. 2006].

Prominent examples of cone-nets are T-surfaces, characterized
by smooth or discrete parameter lines that lie in two orthogonal
families of planes [Izmestiev et al. 2024], resulting in surfaces where
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one parameter family is tangent to cylinders. The discrete ana-
logues of T-surfaces, known as T-hedra, consist of trapezoidal faces.
Originally described by [Graf and Sauer 1931] as a class of flexible
quad-surfaces, T-surfaces and T-hedra, particularly in tubular shape,
remain an active area of research in computational origami, see
[Sharifmoghaddam et al. 2023, 2020]. Another example of rigidly
foldable discrete cone-nets are horn-shaped mechanisms composed
of Bricard octahedra [Tachi 2016].

Although not discussed in de-
tail by [Kilian et al. 2023], there
are two semi-discrete types of
cone-nets, obtained by refining
either parameter direction of a
discrete cone-net (see Figure 3).
The first type, which we refer to
as type 1, is obtained by refining
the non-conical strips and con-
sists of general strips of devel-
opable surfaces (see inset figure
on the right), where the tangent
planes along consecutive rulings
are tangent to a cone. The second type, obtained by refining conical
PQ strips, combines conical strips.

In the following, we focus on tubular structures that are semi-
discrete cone-nets of the first type, characterized by ruling polylines
forming closed loops, as well as their discrete counterparts.

Semi-discrete cone-net (type 1)

2.3 Monge Surfaces

A relevant subclass of cone-nets are Monge surfaces, widely used
in computer-aided design. They are constructed using two curves:
a space curve, known as the directrix, and a planar curve, the gen-
eratrix. The generatrix is swept along the directrix in a rotation-
minimizing manner. Both curves can either be smooth or discrete.

2.3.1 Smooth Directrix. If the directrix is smooth, the surface’s
parametrization can be described using a rotation minimizing frame
of the directrix, see [Klok 1986]. The resulting parametrization of
Monge surfaces is a principal line parametrization, and the congru-
ent planar parameter lines parallel to the generatrix are geodesics
on the surface. Additionally, if the generatrix is discrete, the devel-
opable strips composing the sweep surface have rulings perpendic-
ular to the tangents of the directrix-parallel curves. The envelopes
of tangent planes along generatrix-parallel curves form cylinders.

2.3.2  Discrete Directrix. If the directrix is a polyline, the surface
can be described constructively by starting with an appropriately
positioned generatrix. The last generatrix-parallel curve is extruded
along the edges of the directrix, intersected with the plane that
bisects the angle between adjacent edges, and the resulting intersec-
tion forms the next generatrix-parallel curve. It is important to note
that computing the intersection with the bisecting plane is a locally
“rotation minimizing” operation. The transformation that converts a
vector perpendicular to one edge into a vector perpendicular to an-
other edge with minimal rotation is a reflection across the bisecting
planes of the edges [Gonzalez-Quintial and Martin-Pastor 2024].

ACM Trans. Graph., Vol. 44, No. 4, Article . Publication date: August 2025.

Depending on whether the generatrix is smooth or discrete, the
resulting surface is semi-discrete or discrete, respectively, and con-
sists of smooth or discrete cylinders with congruent profile curves
and rulings parallel to the edges of the directrix.

2.3.3  Properties. Discrete Monge surfaces consist of conical ver-
tices, as the sums of the opposite angles at each vertex are the same.
Consequently, they enable mesh-offset support structures, making
them popular in the architectural design of freeform facades [Mesnil
et al. 2015]. The conical vertices of Monge surfaces also find appli-
cation in foldable structures, as discussed in the theory of flexible
structures, particularly as rigidly-foldable tubes [Filipov et al. 2016].
While Monge surfaces are straightforward to implement and ma-
nipulate, their design space is limited. In particular, the construction
yields families of surfaces where one family of parameter lines is
always coplanar, while the other family features parallel tangents.

3 C-TUBES

Inspired by the Monge surface construction, we introduce an in-
tuitive design framework for tubular structures composed of de-
velopable surfaces that correspond to semi-discrete cone-nets with
a closed discrete generatrix. We refer to them as C-tubes with a
smooth directrix, or simply smooth C-tubes. We also highlight their
discrete counterparts, which are C-tubes with a discrete directrix
or discrete C-tubes. Analgously, we refer to Monge surfaces with a
closed discrete generatrix as smooth and discrete M-tubes.
We use both the terms patches and
strips to describe bounded regions of .
smooth and discrete surfaces. The di- gi‘im'x

boundary patch

rections of the edges of a discrete
curve will be referred to as its tangents,
where the tangent at a vertex is defined
as the direction of the outgoing edge.

We use the term gluing curves to
describe the curves connecting two
boundary patches. The ruled patches between the directrix and the
gluing curves, which we assume are formed by connecting points on
the directrix and gluing curves corresponding to the same parameter
value, are referred to as support patches (see also Figure 4).

Y

gluing

directrix urve

c
support patch

3.1 Main Idea

Our design framework for C-tubes is inspired by a two-fold general-
ization of Monge surfaces. This approach is based on the following
observations (see Figure 4, left):

OBSERVATION 1. In both smooth and discrete M-tubes, the support
patches are developable. For smooth M-tubes, the rulings of the support
patches lie in planes perpendicular to the tangent of the directrix.
For discrete M-tubes, the rulings of the support patches lie in planes
bisecting consecutive edges of the directrix and gluing curves.

OBSERVATION 2. In both smooth and discrete M-tubes, the tangents
of the directrix and gluing curves are parallel. For smooth M-tubes,
the tangents of the directrix and gluing curves are perpendicular to
the rulings of the support patch. For discrete M-tubes, the edges of the
directrix and gluing curves enclose the same angle with the incident
rulings of the support patch.
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Smooth M-tube Smooth C-tube

Discrete C-tube

Discrete M-tube

Fig. 4. M-tubes (left) are a special case of C-tubes (right). The developable
boundary strips are shown in blue, the support strips connecting the directrix
with the gluing curves are shown in grey.

Inspired by the above observations, we generalize the construc-
tion of Monge surfaces from a given directrix in two ways:

GENERALIZATION 1. Instead of restricting support patches to those
with rulings perpendicular to the tangents of the directrix, we allow
the support patches to be general smooth or discrete developables.

GENERALIZATION 2. Rather than only permitting the gluing curves
to be parallel to the directrix, we consider gluing curves whose tangent
lines converge to a point on the corresponding tangent line of the
directrix, forming a discrete cone.

The condition in the second generalization ensures the smooth
and discrete developability of the boundary patches, as it guarantees
that neighboring corresponding tangents are coplanar. In the smooth
case, these coplanar tangents span the incident tangent plane. In the
discrete case, this plane contains the face of the boundary patches.
In Appendix D we discuss the construction of a special class of
cone-nets using our approach.

3.2 Construction Overview

To highlight the similarities between smooth and discrete C-tubes,

we unify their notations in the exposition that follows. The primary

distinction lies in the directrix, which is parametrized over a con-

tinuous interval T = [to, tmax ] in the semi-discrete case, and over a

discrete set of M values T = {t, ... ,tp—1} in the discrete case.
The inputs of our C-tube construction algorithm are:

e A directrix X(t) : T — R3.

o A discrete generatrix Go,, ... , GN—1,0, consisting of N ver-
tices. If the generatrix is closed, then Go o = Gn—1,0-

o N families of construction planes Iy(t), ..., IIn—1(t), one for
each vertex of the generatrix along the tube. Each plane IT; ()
is incident to the corresponding point along the directrix,
X(t) € I;(t), and has unit normal vectors P;(¢) : T — S2. To

Fig. 5. lllustration of the inputs to the C-tube construction algorithm dis-
cussed in Section 3.2 used to generate the smooth C-tube in Figure 4.

avoid degeneracy, we require IT;(¢) to exclude the incident
tangent of the directrix, that is, P;(¢) - X’ (¢) # 0 in the smooth
case, and both P;(t;) - (X(¢;) — X(tj—1)) # 0 and P;(t;) -
(X(tj+1) — X(;)) # 0 in the discrete case. Additionally, we
require that the vertices of the provided generatrix belong to
the corresponding planes at t = tg, that is, G40 € II; ().

o A scalar-valued apex-locating function a(t) : T — R, which
determines the location of the cone apices on the tangents of
the directrix.

These parameters, illustrated in Figure 5, span the full design
space of C-tubes as we discuss below. For computations in the
smooth case, we assume that X(t) € C?, P;(t) € C!, and a(t) € CL.

In a typical design tasks, the directrix and generatrix are provided
by the user, in addition to various constraints, such as tangency
alignment requirements (see also Section 5). The construction planes
and apex-locating function are in general not intuitive parameters
to set and tune in a design process. The algorithm presented in
Section 4 optimizes for these parameters and allows the designer
to explore the shape space of C-tubes by specifying more intuitive
constraints and objectives.

3.3 C-Tube Construction

Constructing a C-tube from the above input amounts to computing
N gluing curves G;(t), with G;(ty) := G;. The N — 1 developable
patches of the C-tubes are then obtained as

D;(t,u) = (1 —u) G;(t) +uGj41(t), where (t,u) €T x|[0,1],

withie {0,...,N -2}

Both the smooth and discrete gluing curves G;(t), which satisfy
the generalizations presented in Section 3.1, can be computed from
the following two conditions:

e Condition 1: The gluing curves are incident to the construction
planes, G;(t) € II;(t), or equivalently,
(Gi(1) = X(1)) - Pi(r) = 0.

e Condition 2: The tangents of the gluing curves coincide with
the apices encoded by the apex-locating function on the tan-
gents of the directrix.
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The curves satisfying these constraints are determined up to their
initial values and can be computed “sequentially” as the solution of
either differential equations or their discrete analogues.

It is important to note that gluing curves satisfying these con-
straints may result in patches with singularities. While these are
not addressed in the following theoretical computation, the opti-
mization framework presented in Section 4 controls the emergence
of edges of regression within the width of the boundary patches by
introducing dedicated regularization terms.

The key insight for the encoding of the second constraint lies in
adopting a scale-mapping approach to represent cones and cylinders
in a unified manner, enhancing the robustness of computation. This
idea is inspired by the approach described by Mundilova, Demaine,
and Tachi [2024, Section 12.4] to compute curved creases that con-
nect developable patches with projective cones. Before a detailed
discussion of the smooth and discrete constraints, we first review
the notation for scale mappings.

3.3.1 Scale Mappings. Given a pair of distinct points A and A and
a scalar value a encoding the scale center, a scale mapping o that
maps A to A for a generic point P can be expressed as

c:R*5R3 P aP-A)+A.

If a = 1, the scale center is at infin-
ity, and the scale mapping reduces
to a translation by A—A. Otherwise,
as shown on the right, the location
of the scale center is given by

o(P)

A-agA
1-a

o

Note that when a = 0, the scale center coincides with A, mapping
all points directly to A. Additionally, unless A = A, there is no real
value a that corresponds to A being the center of scaling C,.

In the following construction, the apices of the tangential cones
are located on the tangents to the directrix X(t) and are encoded
using scale mappings centered at those cone apices. These scale
mappings are determined by the value of the apex-locating function
a(t) and by two corresponding points playing the role of A and A
in the definition of o.

With this approach to encode cone apices, the selection of cor-
responding points determines which tangential cone apices can be
represented with real values. Note that, for numerical reasons, we
want to avoid explicitly dealing with the case a = co. For a discussion
of the specific parametrization choice presented in the following
section, and its implications in the smooth and discrete case, we
refer to Appendix A.

3.3.2 Smooth Directrix. For a smooth directrix, we define a one-
parameter family of scale mappings o; through the pair of corre-
sponding points A = X(¢) and A = X(¢) + T(t) and apex-locating
scalar a(t), see Figure 6, left. Then, the second constraint translates
to the condition that the vectors G}(t) and o¢(G;(t)) — G;(t) are
parallel. For a detailed exposition why this results in two differential
constraints that determine the gluing curve up to appropriate initial
values, please refer to Appendix B.
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Gl(1) o (G; (1)) o(Gi(tj-1))

Gi(t)

Co,

X(#) x(+) +T(¢) Cor, X(tj-1) X(t;)

Fig. 6. lllustration of the scale mappings used to compute the gluing curve
for smooth (left) and discrete (right) C-tubes.

3.3.3 Discrete Directrix. Similar to the smooth case, the discrete
computation of the gluing curve can be formulated as a sequential
process for each gluing curve individually. Again, we define a one-
parameter family of scale mappings o¢; through corresponding
points A = X(tj—1) and A = X(¢;) and an apex-locating scalar
a(tj), see Figure 6, right.

Starting from an appropriate initial value G;(tj—1), we compute
the subsequent gluing curve vertex G;(t;) as the intersection of the
plane II;(t;) with the line connecting G;(tj-1) and 0:(G;(tj-1)).
Computationally, we parametrize this line as

Gi(tj) = Gi(tj-1) +d;;V, (1)
where
V =o04,(Gi(tj-1)) — Gi(tj-1)
=a(ty) (Gi(tj-1) = X(tj=1)) + X(tj) = Gi(tj=1),  (2)
and compute the initially unknown scalar d; ; from
(Gi(ty) = X(t;)) - Pi(t)) = 0.
Specifically, if V - P;(¢j) # 0, that is, the next plane and the line

connecting the cone apex with G;(tj—1) have a real intersection,
we obtain

(X(tj) = Gi(tj-1)) - Pi(t))
V-Pi(t j) ’
Note that the case V - P;(t;) = 0, schematically illustrated in
Figure 7, corresponds to pathological configurations that one would
want to avoid in practice. In these configurations, either the cone
apices are located close (or even belong) to the discrete directrix,

dij= (3

p0(Gi(tj-1))
Gi(tj-1)

I0; (¢5)

%

II; (t5)
P;(t;)

X(tj-1) X(tj)

Co X(tj-1)

P;(t;)

o(Gi(tj-1))

Fig. 7. Two configurations where V- P;(¢;) = 0. This can occur either when
Cy is close (belongs) to the directrix (left), or when the plane normal P; (t;)
deviates significantly from the directrix tangent (right).
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Fig. 8. Three different C-tubes sharing the directrix, the generatrix, and the
plane normals, using the apex-locating function displayed at the bottom.

or the plane normals substantially deviate from the directrix tan-
gents. When a(t;) = 1, the condition V - P;(¢;) # 0 is equivalent to
(X(tj) = X(tj-1)) - Pi(tj) # 0, introduced in Section 3.2 as an as-
sumption defining admissible plane normals. In our implementation,
we regularize the plane normals and the apex-locating function to
prevent such cases from occurring, see Section 4.4.

Figure 8 shows three different C-tubes resulting from the same
directrix, generatrix, and plane normals, that use three different
apex-locating functions.

3.4 Remarks

Setting a(t) = 1forall ¢ € T ensures that the tangents of the directrix
are parallel to the tangents of the gluing curves. To generate smooth
or discrete M-tubes, this choice of the apex-locating function is
complemented by setting the plane normals as P;(¢) = T(t) for all
i€{0,---,N—1}andt € T in the smooth case, or as the normals
of the bisecting planes of two consecutive edges of the directrix in
the discrete case.

This representation, based on using a directrix curve, allows con-
structing support structures with torsion-free nodes, see Figure 18.
More information is provided in Appendix C.

Note that while we show results mostly for closed profile polygons
to obtain smooth or discrete C-tubes, the generatrix could also be an
open curve. Appendix D highlights how our approach can be used
to construct double cone-nets, a class of cone-nets in which both
families of PQ strips coincide with discrete cylinders or cones [Kilian
et al. 2023].

4 C-TUBE OPTIMIZATION

To explore the shape space of C-tubes via optimization, we intro-
duce various objective functions encoding design goals related to
local and global geometric properties of a C-tube, such as its cross-
sectional shape, thickness, and orientation. We first present our gen-
eral optimization framework for discrete C-tubes. M-tubes, which
are a subset of C-tubes, are used as a didactic example to illustrate
the optimization process. We then showcase how the additional
degrees of freedom introduced by our generalization of Monge sur-
faces allow achieving more complex design objectives. Throughout
the optimization process, the developability of each boundary patch
is always guaranteed exactly thanks to our geometric construction.

4.1 Discrete C-Tubes Construction Algorithm

As discussed in Section 3.3.3, a discrete C-tube can be sequentially
computed given a directrix curve, a generatrix, a set of plane normals,
and an apex-locating function. The computation is summarized in
Algorithm 1.

For brevity, in the following we denote X; = X(t;), Gi j = Gi(t;),
P;j = Pi(tj), and a; = a(tj), with colons replacing an index to
indicate the corresponding one-parameter family. Using this con-
vention, we can equivalently express the generatrix as G. . Bold
letters without indices refer to the full set of values of the cor-
responding quantity. For example, X indicates the points of the
discrete directrix.

The forward construction produces as output the N discrete glu-
ing curves G;; = {Giy,...,Gjpm—1} fori € {0,...,N — 1}, which
we gather in G = G(X, G.p, P, a). Thanks to the simplicity of our
geometric encoding, the implementation of the forward construc-
tion takes as few as 30 lines of Python code, making use of only
standard linear algebra and geometry routines for vector and matrix
operations. This constructive algorithm is the core component of
our optimization framework.

4.2 Optimization Overview

We formulate a set of design objectives as a scalar-valued function
of the tube parameters (X, G,P,a) — J(X, G,P,a), which we aim
to minimize. We assume X() is a user-provided curve represent-
ing the directrix of a desired C-tube, which can be specified in any
format, e.g. as a polyline, a smooth parametric curve, or a spline

Algorithm 1 — Discrete C-tube Forward Construction

Algorithm 2 — General Optimization of a C-tube

Input: directrix X, generatrix G. o, plane normals P, apex-locating
function a
Output: gluing curves G

1: forj=1toM—1do > Traverse the directrix

2 fori=0to N—-1do » Update the gluing curve vertices

3: Veaj (Gi,j_l—Xj_1)+Xj—Gi’j_1 > (2)

4 assert V-P;; #0

by eSSy .o
L]

6 Gij « Gjj-1 +d,‘,jV > (1)

7: end for

8: end for

Input: initial tube parameters (Q, P, a, §), generatrix G. o, number
of vertices along the directrix M, objective function J
Output: optimal tube parameters (Q*, P*, a*, 0%)
1: do
2 X « Sample(Q, M)
3: G.o < Rotate(G.p,X; —Xo,0) > Rotate about tangent
4 G « Construct(X,G.,P,a) > Algorithm 1
5: ] — 8Qj, pJ,0a) agj > Eval. grad. at (X, G, P,a)
6: dQ, dp,d,, dy «— L-BFGS(Q, P, a,0, aj) > Descent dir.
7: Q.P,a, 0 « Linesearch(Q,P,a, 0,dg, dp, da, dg,j)
8: while not Converged(J(X, G,P, a))

ACM Trans. Graph., Vol. 44, No. 4, Article . Publication date: August 2025.
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Initial design Directrix optimization

PR

Directrix optimization

Plane normals optimization

Apex-locating function
optimization

Fig. 9. Optimization of a knotted C-tube for continuous closure. In the initial design generated with a rotation-minimizing frame, the surface strips do not
align at their ends. Smoothly closed C-tubes can be obtained by optimizing the directrix, with different results depending on the defect angle ¢. An angle of
47 /3 creates a single continuous strip that wraps around the knot three times, while an integer multiple of 27 results in three separate strips. Alternatively, we
can achieve smooth closure by optimizing over the plane orientations, which can be combined with scale optimization to retain a more even strip width.

curve. To parametrize the set of smooth curves approximating X(1),
we fit an interpolating cubic spline by sampling X(t) at K loca-
tions Q. = )’Z(fk), where f}. are equispaced parameter values. We
gather the resulting points in Q = {Qy,...,Qx_1}, and call the
interpolating spline Xg(t) : [0,1] — R3. We then sample Xg at
M equispaced parameter values to obtain the discrete directrix as
X = {Xo,...,Xp_1}, with Xj = XQ(tj) and t; = j/(M—=1).

We represent the plane normals as unit vectors P; j € 52 associ-
ated to vertices of the gluing curves and collectively refer to them as
P. When a single plane normal is chosen at each directrix point, i.e.,
when P;, j = Py, j forall iy, i € {0,...,N-1},j € {0,...,M -1},
the set reduces to P = {Py, ..., Py_1}. The apex-locating function
is discretized as a = {ao, ..., apm-1}, with aj € R. To additionally
allow rotations of the initial generatrix about the incident tangent of
the directrix, we parametrize the corresponding degree of freedom
using the angle 6.

Our general optimization problem minimizes the objective func-
tion with respect to the points Q, the plane normals P, the apex-
locating values a, and the initial rotation of the generatrix 0 as

argminj(Q, P,a,0), (4)
Q.P,a,0

with
J(Q.P,a,0) =] (X(Q),G,P,a),

where G in turn depends on Q via X, on P, on a, and on 6. We solve
the optimization problem summarized in Algorithm 2, using the
quasi-Newton method L-BFGS, as implemented in scipy, with gra-
dients computed by automatic differentiation with Pytorch [Paszke
et al. 2019]. We use torchcubicspline [Kidger 2017] for a differ-
entiable cubic spline implementation.

For designs where symmetry should be explicitly preserved, we
parametrize an n-fold symmetric configuration by a corresponding
n-fold reduction of the number of optimization variables. The models
shown in Figures 9, 12, 15, 19 make use of such changes of variables
for symmetry enforcement.

For more information about the discretization choices used for
each example, we refer to Table 1 on page 16. The full source code of
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our implementation as well as example models shown in the paper
are publicly available at https://go.epfl.ch/c-tubes.

4.3 Optimization of M-Tubes

We illustrate the optimization process starting from the special
case of M-tubes. Recall that M-tubes result from the natural choice
of setting the apex locating function to a = 1 and aligning the
plane normals with the tangents of the directrix in the smooth case,
or with the normals of the bisecting planes in the discrete case,
see Section 2.3. As for any Monge surface, a directrix X(¢) and a
generatrix G. o are the only inputs necessary for the computation of
an M-tube. In general, we assume these curves to be provided by the
user. Note that a closed directrix does not guarantee closure of the
corresponding Monge surface since in general the cross-sections do
not match at the ends [Klok 1986].

To outline the structure of our design framework, we consider
the problem of taking a closed input directrix and finding its best
approximation according to a given metric that guarantees smooth
closure of the corresponding M-tube.

4.3.1 Smoothly Closed Tubular Trefoil. Consider the parametriza-
tion of a trefoil knot

cost + 2cos 2t C
X(t) = |sint —2sin2¢t| fort € [0,2x].
—sin 3t

An M-tube that has X(t) as its directrix would not close up
smoothly. We measure the mismatch between the two ends of the
tube as the defect angle ¢ corresponding to the angle between the
initial and final directors of any rotation minimizing frame defined
on the curve, see Figure 9, left. Note that ¢ is an intrinsic property of
the directrix curve, which does not depend on the choice of the gen-
eratrix, nor on its initial rotation about the tangent!. In particular, if
G. is the regular n-gon centered at X(fo), the defect angle ¢* that

For smooth closed curves, ¢ can be computed as the integral of the curve torsion
modulo 27z, see e.g. [Pinkall and Gross 2024].
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C-tube C-tube
M-tube (planar generatrices) (non-planar generatrices)
\ ,

self-intersections

Fig. 10. When the directrix is highly curved, the M-tube construction can
lead to self-intersections and fold-overs in some boundary strips (left). Start-
ing from this degenerate configuration, our approach can recover structures
free from local intersections satisfying the same boundary constraints. Lim-
iting the choice to planar generatrices can produce deviations from the
desired shape (center). By relaxing the planarity assumption, we can im-
prove the approximation (right).

guarantees smooth closure of the M-tube must be a multiple of 277/ n.
In this section, we focus on the equilateral triangular generatrix and
hence n = 3. A different choice of the cross-section would modify
the set of admissible values for the defect angle ¢*. The conclusions
we draw remain valid for any n, as well as for generatrices without
radial symmetry, for which the defect angle must be an integer
multiple of 27 for the C-tube to close up smoothly.

Specific classes of curves can be constructed to have a prescribed
value of ¢ [Brander and Gravesen 2018]. However, finding a space
curve having a specific value of ¢ that meanwhile approximates a
target curve is in general a challenging task, which cannot be easily
accomplished neither by manual exploration using standard CAD
software, nor analytically. We propose to tackle this problem using
numerical optimization.

4.3.2  Optimization of the Directrix Curve. To parametrize the set
of directrix curves, we use a cubic spline with K points and sample
it at M locations. We set K sufficiently high to capture the shape of
the desired directrix curve, yet low enough to exclude unwanted
high-frequency oscillations from the design space. The strips are
in general discretized with high resolution to obtain a faithful ap-
proximation of their smooth counterparts, so M > K. Note that
both K and M affect the number of optimization variables: While
K determines the number of optimized points, M sets the number
of plane normals and apex-locating function samples. Differently
from the case of M-tubes, where the only free parameters are the
K points, in C-tubes the number of optimization variables is then
usually dominated by M.

We set the initial samples X as target values for the directrix
curve, assigning Xarget ¢~ X. Our aim is to optimize X through
the dependency on the points Q, while limiting the deviation from
Xtarget, which we keep fixed.

Distance Constraints. We introduce two measures to capture de-
sired geometric features. Recall that the one-sided squared chamfer
distance between two sets of points X and Y of size M is defined as

M-1

1
de(X,Y) = — i X; - Y2
c(X.Y) M;,—e{oﬁ‘i&,l}” i~ Yl

The symmetric squared chamfer distance can then be computed as
d(X,Y) =dc(X,Y) +dc (Y, X).

The mismatch between the directrix and the target curve is then
measured as

1
TX) = 25 d(X, Xtarget), ©)

where the problem-dependent scaling constant B corresponds to
the length of the bounding box diagonal of Xarget.- Consequently,
our fitting objective 7~ both keeps the directrix close to the target
curve and ensures that it does not collapse onto a portion of the
target curve.

Similarly, we measure the mismatch between the initial and final
generatrices as

C(G) = —d(G10,Gpr-1), ©)
where D is the bounding box diagonal of the 2D polyline G., cho-
sen to represent the thickness of the tube. Note that, if G.o and
G. M1 are regular polygons, then C(G) is left unchanged by cyclic
permutations of the vertices: Defect angles ¢ that are multiples of
27t /n result in C(G) = 0 if G. is the regular n-gon.

Alternatively, the exact value of the defect angle can be enforced
by measuring the Euclidean distance between pairs of vertices, for
example as

N-1
~ 1
G)= —— Gio - Gim-1l% 7
C(6) = 5 ;n i0 = Gim—1ll %)
which enforces individual closure of all gluing curves.

Local Self-Intersections. If the curvature of the directrix is high,
the boundary strips can self-intersect, as shown in Figure 10, left.
In such cases the strips are not suitable for fabrication.

While in M-tubes the discrete gluing curves and the directrix are
parallel by construction, they can have opposite orientations. To
avoid encountering these configurations during the optimization,
we introduce a penalty term that ensures that they point in the same
direction. For practical and numerical reasons, we also enforce that
the edges of the discrete gluing curves have a minimal length.

To this end, we consider the unit-length edge vectors E;; =
(Gi’j+1 —Gi,j)/||Gi,j+1 -Gjj || and the directrix tangent T; = (Xj+1 -
X;)/1IXj+1 — Xjll. We define the signed distance [; ; = sign(E;j -
Tj)|IGi,j+1 — Gi,j || and penalize deviations using

N-1M-1

1 .
R(G) = m ; ]20 mm(O, li,j - lmin)z, (8)

where I, is a small positive constant that defines the minimum
length of the edge vectors.

This regularization term also applies to C-tubes, as discussed in
the following section. It is included in all our examples but does not
contribute to the objective function when all gluing curve edges
exceed the minimum length and exhibit the desired alignment.

Problem Setup. The M-tube optimization problem is then formu-
lated as

innj Q). ©)
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with
J(Q) = wrT (X(Q)) + weC(G(Q)) +wrR(G(Q)),

where wy, wc, and wg are weight parameters that control the relative
importance of each objective.

In Figure 9, we show the result of the optimization and compare it
with the initial M-tube. The optimized tube is smoothly closed. The
value of the defect angle after optimization is ¢* = 47/3, namely
the multiple of 277/3 closest to the initial value of ¢. As shown in the
same figure, center, integer closure, i.e. ¢* = 27, is achieved at the
expense of a more pronounced deviation from Xtarget; 2 consequence
of C(G) > C(G) for all G.

4.4 Optimization of General C-Tubes

M-tubes are only a subset of the possible geometries achieved with
C-tubes. In general, the plane normals can be tilted with respect to
the directrix tangent, and the apex-locating function can encode
general cones, making the size and orientation of the sweep surface
vary along the tube. Our construction parametrizes these additional
degrees of freedom, which we can use to expand the design space
of C-tubes.

This extra design freedom also introduces more possibilities for
undesired configurations, potentially yielding C-tubes whose sup-
port or boundary strips exhibit singularities. We note that the reg-
ularization term (8) directly extends to the case of C-tubes. In this
general case, however, in addition to ensuring the desired length of
the gluing curve edges, it also beneficially aligns the tangents of the
directrix with those of the gluing curves.

In the following, we continue the exposition of our optimization
process, using the problem of generating a smoothly closed C-tube as
an example, by relaxing the default choices for the plane normals and
the apex-locating function. To better appreciate the effect of each
type of degrees of freedom on the resulting design in isolation, we
freeze the directrix points Q in their initial state. For the remaining
of this section we then have 7(X) = 0.

4.4.1 Optimization of the Plane Normals. The plane normals P,
previously coinciding with the tangent of the directrix (see Sec-
tion 4.3.2), can be optimized to achieve a desired generatrix orien-
tation along the sweep. For illustration purposes, we pick a single
plane normal P; at each directrix point X; to keep the generatrices
{G,; }M "~y planar. Our observations straightforwardly generalize to
the case of non-planar generatrices discussed, e.g., in Figure 10. For
the moment, we also keep the apex-locating function constant and
unitary. Our goal is to find P resulting in C(G) = 0.

Regularization. To regularize the problem further, we additionally
ask that each plane normal P; evolves smoothly along the directrix
by penalizing variations as

M-2
LP)= Y [[Pjur +Pjy - 2P 2 (10)
j=1

Problem Setup. We optimize the plane normals for the tube to
close up smoothly by solving the optimization problem

mPinf(P), (11)
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Monge tube Scaled tube Scaled C-Tube

Non-planarity |

Fig. 11. Editing the developable M-tube on the left by scaling the profile
polygons yields non-planar quads. Our optimization computes the values
of the plane normals P and of the apex-locating function a that result in
the desired cross-section scaling, while preserving exact developability of
the strips and boundary conditions. The quad non-planarity is computed
according to the measure introduced by Pottman and coauthors [2008].

with
J(P) = wsC(G(P)) + wgR(G(P)) +w, L(P).

Figure 9, center right, shows the result of the corresponding
optimization, where the directrix X is held fixed in its initial config-
uration shown on the left of the same figure. Note how the choice
of using C to enforce integer closure makes the strips connect back
to themselves across the connection, forming three closed loops.
However, differently from the Monge case with integer closure, the
overall shape of the tube is now smoother. As a consequence of the
deviation of P from the directrix tangent, the shape of the cross-
section now varies along the sweep, generating a tube with variable
thickness.

4.4.2 Optimization of the Apex-Locating Function. The thickness
of the cross-section is in general out of the control of the designer
when the only variables are the plane normals. We can use the values
of the apex-locating function a as additional degrees of freedom to
better control the cross-sectional profile of the tube.

Cross-Section Diameter Constraint. To measure the cross-section
size, we first project each generatrix curve G.; onto the bisecting
plane between the two directrix edges j—1 and j to obtain Gl This
projection factors out length changes due to shearing, an effect that
is more pronounced the more the plane normals deviate from the
directrix tangent. We then define the cross-section diameter at t; as
the maximum distance between any two of the projected vertices

i
dj —Illlwg(llG -Gy, il
We prescribe a uniform target cross-section diameter diarget, and
penalize deviations quadratically as

M-1

DG) =5 > (d) ~ diarge)’ (12)

=0
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Regularization. To ensure the tube radius varies smoothly, we
additionally regularize the apex-locating function by penalizing its
variations as

M-2
L(a) = Z (aj+1+aj_1 —2aj)2. (13)
j=1

Problem Setup. Closing a tube with prescribed diameter now con-
sists of solving the optimization problem

min J(P,a), (14)

where
J(P,a) = wpD(G) + wsC(G) + wgR(G) + w, L(a),

where G depends on P and a. Note that in general, rescaling each
cross-section independently would break the PQ-ness of the strips
and result in non-developable strips, as illustrated in Figure 11. In
contrast, our construction guarantees that the strips composing the
tube remain PQ.

For the example shown in Figure 9, we input the solution from
Equation (11) into our algorithm and optimize for a to obtain a
more uniform cross-section size along the sweep, while preserving
smooth closure at the connection.

We refer to Section 5 for more examples of C-tube design, includ-
ing cases in which Q, P, and a are optimized concurrently to satisfy
multiple design objectives and constraints.

4.5 Alignment Constraints

To support effective design exploration and form-finding, we incor-
porate additional user control through targeted constraint functions
for surface and tangency alignment.

Surface Alignment. Instead of measuring the spatial distance of
the directrix to a given target curve as in Equation (5), it can be
convenient to specify a reference surface S that the directrix can
slide onto (see also Figure 17). Consider a boundary strip D; and the
two gluing curves associated to it, G;. and Gj41,.. The alignment of
D; to a surface S can be enforced by a penalty term that attracts G; .
and Gj41,; to S as

M-1
1
8(G) = 7 2 45(Gij)* +ds(Gir ) (15)
j=0

where dg : R® — R is the point-to-surface distance. In combination
with the exact planarity of the quads resulting from our construction,
this formulation enforces tangency whenever the reference surface
is itself developable. An example in which a boundary strip is fitted
to a minimal surface is shown in Figure 17.

Orientation Alignment. The orientation in space of the devel-
opable strips is an important means to communicate design intent.
Consider a boundary strip and the corresponding discretized PQ
strip, and let n; be the normal of quad j. We enforce strip alignment
by minimizing the angle between n; and a prescribed direction n;.
The alignment penalty takes the form

1 _
A(G) = mJg‘ﬁ(l-nj.nj)z, (16)

[Maekawa and Scholz 2024]

Fig. 12. Comparison of the method of [Maekawa and Scholz 2024] based
on rotation-minimizing frames (left) with our approach (right). The directrix
winds around a torus with major radius 1 and minor radius r. Since the
rotation-minimizing frames only align for specific values (here r = 0.205),
the resulting surface strips are in general discontinuous, as shown in the
zoom. Our approach can optimize for closure for any value of r and addi-
tionally ensure that the strips are locally congruent, as illustrated in the
overlays. The result on the top left has been recreated from Figures 23 and
24 of [Maekawa and Scholz 2024].

where J C {0,...,M — 2} is a user-defined set of indices. The
effect of this constraint is shown in Figure 15. The same constraint
straightforwardly generalizes to the cases in which n is the normal of
another quad, effectively enforcing tangency between two boundary
strips, as shown in Figure 16.

5 RESULTS

In this section we show results and highlight potential applications
of our method. We specifically illustrate how designs can rely on the
simplicity of fabrication of C-tubes and meanwhile meet advanced
functional or aesthetic constraints.

The optimization takes seconds to < 0155 >
few minutes to complete for all the | | | |
examples shown in this section. A 7 27% 567

typical forward construction call is
extremely fast to execute, and most
of the computational time is spent
in evaluating the objective function
and its gradient, as can be seen in the
inset figure, which represents the average iteration of the optimized
design in Figure 15. Total runtimes on an Apple Macbook Pro with
an 8-core M1 CPU are given in Table 1 on page 16. The same table
collects the number of variables and the penalty and regularization
terms used in each example.

The larger flexibility of C-tubes compared to M-tubes is exempli-
fied in Figure 12, where we show a comparison with a result of the

D tube construction
D objective evaluation
D gradient evaluation
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Fig. 13. Two physical models of a trefoil knot C-tube (approx. 20cm in
diameter). The model on the left is constructed from cardboard-backed
bamboo veneer, while the model on the right is made from POM-C, with
the gluing curves stitched together using fishing line.

recent method of [Maekawa and Scholz 2024]. Since their construc-
tion employs rotation-minimizing frames, the resulting surfaces are
restricted to Monge surfaces, offering no direct control to enforce
a closure condition. Closed surfaces can thus only be obtained by
carefully selecting the input directrix: The toroidal tube shown at
the top left is created by searching for a suitable torus aspect ratio
via bisection. In contrast, our method allows optimizing for contin-
uous C-tubes using plane normals as extra degrees of freedom, for
any closed input curve. The additional flexibility can yield other
benefits. For example, even though the input curve is seven-fold
symmetric, the unrolled Monge strips do not exhibit this symmetry.
In our constructions, we constrain the tubular surface to turn by
an exact multiple of 7z/2 in each of the seven lobes, yielding fully
symmetric strips that can reduce fabrication complexity.

Optimizing for smooth closure is also a key aspect of the lamp
design of Figure 1, which is a physical realization of the trefoil
knot of Figure 9, second from the left. This model is composed
of a single developable strip that we split into 7 segments, which
are lasercut from translucent Polyoxymethylene (POM-C) sheet
material. Interlocking zipper tab extensions are added to simplify
assembly. Despite the very low bending stiffness of the material,
the assembled structure is stiff and retains its shape, even under the
additional load of the internal light tube which at 1.1kg is more than
five times the weight of the C-tube.

Figure 13 shows two additional realizations of trefoil C-tubes, both
based on the optimized directrix curve from Figure 9, second from
the left. To simplify fabrication, the generatrix has been uniformly
scaled by a factor of approximately two in both cases. The model on
the left is constructed from cardboard-backed bamboo veneer, with
the gluing curves joined edge to edge using wood glue. The model
on the right is made from POM-C, using fishing line to connect the
developable strips.

Scaling of the Generatrix. In Figure 14 we illustrate how a com-
plex 3D surface can be realized as a C-tube by adaptive scaling of
the generatrix (see also Figure 9, right). Specifically, we use the
smooth reference surface to determine appropriate scaling factors
for the hexagonal profile curve. The optimization then solves for
the remaining parameters so that the resulting surface strips best
approximate the design surface. The physical model is assembled
from laser-cut paper strips.
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Fig. 14. Scaling the profile curve along the directrix allows approximating
more complex tubular structures like this model of the Klein bottle. With a
hexagonal generatrix we obtain the six developable strips depicted on the
right. The physical model shown in the bottom row is made from paper.

target orientation face normalll

Fig. 15. A rocking chair composed of a C-Tube frame with an attached fabric.
The alignment constraints used in the optimization are shown on the left.

Tangency Alignment. In Figure 15 we show an application in fur-
niture design. We exploit the design freedom of C-tubes to enforce
the alignment constraints from Eq. (16) that are essential for the
function of the rocking chair. In particular, the optimization solves
for the strip surface of the C-tube frame to be in continuous contact
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face normal
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I}
face center

Aligned
strip quads

Input design

Self-repelling
directrix

Fig. 16. Alignment optimization within a C-tube. Without additional con-
straints, the construction produces a self-intersecting surface (left). By
adding self-repulsion to the directrix with minimal separation of two times
the tube radius, the intersections can be removed, but the structure sub-
stantially deviates from the original design (center). By enforcing tangency
alignment and minimal quad distance at two points along the curve, our op-
timization yields a valid result that better preserves the input shape (right).

with the ground during the desired rocking motion. Additional align-
ment constraints ensure that one of the strips faces in the direction
of the user in the seat and headrest regions and that the fabric can
be attached to the frame without creases.

Figure 16 illustrates the effect of intra-strip alignment. The di-
rection of the quad normals is not prescribed, and two sections
of a boundary strip can co-evolve to find their best orientation in
space. Additionally, to guarantee physical separation, we enforce
a minimal distance constraint between the two centroids of the
quads involved in the alignment. The corresponding penalty term is
computed as the squared difference between the desired separation
d and the signed centroid distance, where the sign is determined
from the quad normals to prevent self-penetrated states. In this case
we set d = 0.1r, where r is the radius of the circle circumscribed to
the equilateral triangle used as generatrix. We compare the result
with the C-tube obtained using a self-repelling constraint on the
directrix, with minimal separation of two times the tube radius, and
show how the strip alignment better preserves the input shape.

In Figure 17, we deliberately aim to match the developable strips
of a C-tube to a non-developable surface, a minimal surface of
zero mean curvature, but non-zero Gaussian curvature. One of the
boundary strips is aligned to the reference surface by the penalty
term (15), while an adjacent gluing curve is attracted by the surface
boundary. This example illustrates trade-offs in the optimization
between tangential alignment to the reference surface and positional
alignment to its boundary curve.

Formwork for Casting. Instead of directly using C-tubes as struc-
tural elements, they can also function as molds for casting. In Fig-
ure 2 we show a design study of a lighting fixture, where scaling
factors have been prescribed to avoid self-intersections in the tight
regions of the knotted directrix. We envision C-tubes being used to
create molds for casting concrete beams with freeform geometries,

wy = 10!

Reference surface

Tangency deviation |

wy =103 Wy = 00
Fig. 17. Form-finding on a given reference surface. C-tubes are optimized to
simultaneously keep one of the gluing curves close to the boundary of the
reference surface (controlled by the weight wy-) and align one of the adjacent
strips to the surface normal. Since no perfect alignment is possible to this
non-developable surface, these conflicting objectives should be balanced by
adjusting the alignment weights.

providing both structural and aesthetic benefits, while simplifying
the construction process and reducing fabrication costs.

Support Structures. In Appendix C, we show how our construction
implicitly defines a design space for developable and torsion-free
support structures. Figure 18 illustrates how such supports can be
integrated into a design, which is particularly relevant for large-scale
constructions, e.g., in architecture.

ST

X AN shared support structure

ER 74
o AT
i X0\

two layers

Fig. 18. lllustration of torsion-free support structures for a C-tube (left)
and a cone net (right) generated by our construction. The figure on the
right demonstrates how cone nets can support the formation of a second
layer of planar faces, which also forms a cone net sharing the same support
structure. Alternatively, this double-layer cone net can also be generated
using the C-tube construction with non-manifold generatrices, as displayed
in Figure 20.
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Fig. 19. Foldable zig-zagged C-tubes. Left: Discrete M-tube with a square generatrix along a zig-zagged polyline approximating a trefoil. Right: The rigid and
flat-foldable M-tube optimized for closure and 3-fold rotational symmetry, along with its folding motion.

Deployable C-Tubes. C-tubes encompass a broad class of deploy-
able surfaces that display rigid foldability. For instance, discrete M-
tubes with rhomboidal cross-section are both rigid and flat-foldable,
as discussed in [Filipov et al. 2015] and [Tachi 2011]. In the latter
work, it is noted that more well-behaved folding motions can be
obtained when selecting a zig-zag curve as the directrix.

Figure 19 (left) shows such a rigid-foldable M-tube. However, the
constructed tube fails to align at the ends and does not preserve
the three-fold symmetry of the directrix. Furthermore, it exhibits
self-intersections during the folding motion. In Figure 19 (right),
we show how our method can be used to optimize the directrix
for closure and 3-fold rotational symmetry, while preserving flat-
foldability. The exact symmetry allows splitting the tube into three
congruent lobes, which can be folded independently without any
self-intersections, and then assembled to form the final structure.

Non-manifold Generatrix. Figure 20 shows that the generatrix
of a C-tube is not limited to simple polygons, offering additional
flexibility for design exploration. Here we create a double-layer
hollow beam with connecting supports, where all surface strips are
still strictly developable.

C-Tube Networks. Optimizing for the alignment of the start and
end profiles also enables to connect multiple tubes to pre-defined
nodes. Figure 21 shows such a construction, where identical joints
are used to connect the ends of C-tube beams. We treat the position
of the joints Y as additional free variables to be optimized. We
employ a two-stage approach to first fit M-tubes to the complex
alignment constraints imposed by the connectors, before fine-tuning
the directrix and plane normals to obtain the final C-tube network.

5.1 Limitations and Future Work

The exact developability of the boundary and support patches is
a key feature of our method that enables fabrication from planar
sheet materials. However, for some materials that are bendable but
also support a limited amount of stretch, this constraint can be
too restrictive to explore the full design space. For such materials,
algorithms that only ensure developability approximately, e.g. using
soft constraints, might be more suitable.

Despite having presented ways to control and recover from local
(Figure 10) and global (Figures 16 and 19) self-penetrated states in
the optimization process, we do not explicitly model non-physical
intersections. Integrating methods for collision avoidance, such

ACM Trans. Graph., Vol. 44, No. 4, Article . Publication date: August 2025.

as [Li et al. 2020], into the optimization is therefore an important
future work.

Another practical concern is the potential waste when cutting
the surface patches from planar sheet material. Currently, we split
and arrange patches manually to fit into the working volume of our
laser cutter. While these tasks could potentially be automated using
existing techniques, it would be interesting to directly integrate
material efficiency objectives into the optimization. This would
allow trading possibly stronger deviations from the input design for
more efficient material use.

One of the main benefits of tubular structures is their high stiff-
ness to weight ratio. Our current approach is purely geometric and
does not incorporate load-bearing capabilities of the resulting struc-
tures. An interesting avenue for future work would be to incorporate
such aspects into our method to jointly optimize the shape and the
mechanical performance of the resulting structures.

The simplicity of fabricating 3D structures from planar sheet
material makes our technique not only relevant for industrial appli-
cations at large scales such as architectural constructions, but also
empowers creative explorations for a general public. For example,

non-manifold nodes

generatrix

Fig. 20. Our method accommodates general line networks as generatrices.
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Fig. 21. A network of C-tubes. The shape of the connectors is fixed across
the structure, but their position Y is free to be optimized to find the best
alignment of the tubes. In a first stage, the optimization fits M-tubes to the
connector geometry. The directrix and plane normals are then optimized
to obtain the final C-tube network. The model is composed of 8 identical
connectors and 16 C-tubes.

intricate C-tube designs can be fabricated simply by cutting and
connecting strips of paper, which requires minimal equipment that
is readily available even to hobbyists or children. Such widespread
adoption requires further efforts to improve the performance of
the implementation and in particular the design of a suitable visual
interface that allows realtime design exploration with intuitive user

feedback.

6 CONCLUSION

C-tubes are a versatile class of piecewise-developable surfaces with
broad applicability and significant benefits for manufacturing and
assembly. Our formulation introduces additional degrees of freedom
to generalize existing constructions based on rotation-minimizing
frames towards the broader class of cone-nets. This additional flexi-
bility is essential to meet practical design objectives, such as avoid-
ing discontinuities in closed C-tubes or enabling precise tangency or
boundary alignments. Optimizing for such objectives is efficient, as
we retain the simplicity of a constructive technique that is amenable
to powerful numerical optimization techniques.

The consistent formulation of both discrete and continuous C-
tubes establishes direct links to recent theoretical results and adds
to the growing body of knowledge in discrete differential geome-
try. As such, C-tubes are a novel tool for both theoretical analysis
and for practical applications in material- and fabrication-aware
computational design.
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A DISCUSSION OF THE SCALE MAPPING APPROACH

As visualized in Section 2.2, cone-nets consist of parameter lines
tangent to both cylinders and cones, with the parameter lines tan-
gent to cylinders serving as a key design feature in freeform shapes.
However, when examining the trajectories of cone apices, these
trajectories become discontinuous at the cylindrical parameter lines,
where they effectively “escape to infinity”, a property that has the
potential to present computational challenges.

Our construction circumvents the explicit use of the cone apex
trajectory by encoding the cone apices as points on the tangents of a
more well-behaved curve, the directrix. This approach builds on the
idea presented in [Mundilova 2024, Section 12.4], which analytically
encodes the location of cone apices using scale transformations
uniquely defined by two distinct points and a scalar value. Figure 22
illustrates the cone apex trajectory and the corresponding apex-
locating function.

While this representation offers significant numerical advantages,
it has a drawback, as noted in Section 3.3: on every tangent, there
is one point that cannot be represented with a finite value of a(t).
Specifically, this points corresponds to the first point, A, in the
definition of the scale mapping.

In the discussed construction, the points A are set to coincide
with the directrix. As a result, points in the neighborhood around
A correspond to high values of a(t). Practically, this is advanta-
geous, as experimental observations indicate that apices close to
the directrix are undesirable, often leading to C-tubes that deviate
significantly from the intended structure.

B DETAILS OF COMPUTATIONS IN SECTION 3.3.2

In this section, we discuss the computation of smooth C-tubes in
greater detail, and show how to derive two differential equations
and an algebraic condition, requiring two initial values for their
computation. These initial values can be interpreted as the starting
point of the gluing curve.

a(t)

X(t) +T(t)

Fig. 22. lllustration of the apex locating function used to generate the
smooth C-tube in Figure 4 and the corresponding trajectory of cone apices
on the tangent developable of X(#).

B.1 Outline

In the following, we assume that the gluing curves can be parametrized
as curves on the developable support patches by

G;(t) = X(t) + ()R (1),

with G;(ty) := Gio, where [;(t) : T — Rand R;(t) : T — S? are
an initially unknown length function and the initially unknown
support patches’ ruling directions, respectively.

The outline of our computation is as follows:

e Step 1: First, for a given directrix, we compute the rulings
of the support patches. We will see that these ruling direc-
tions are determined by the developability requirement of the
support patch.

o Step 2: Next, we compute the lengths [; () that ensure that the
cone-apices lie on the corresponding tangents of the gluing
curves, encoded by the apex locating function.

B.2 Step 1: Computation of the Ruling Rirections

In the following, we assume without loss of generality that the
directrix X(¢) is arc-length parametrized and that the unit normal
vectors P;(t) of the planes are described in terms of two angular
functions ¢;(t) € C! and y;(t) € C! with respect to the curves
Frenet frame (T(t),N(t), B(t)) as

P;(t) = cos ¢;(t) cos ¥; (t)T(t)+cos @i (t) sin ¢y; (£)N(t)+sin ¢; (£)B(t).
Since P;(t) - T(t) # 0, it follows that ¢;(t), ¢;(t) # Z (mod 7).

We encode the ruling directions R;(¢) € II;(¢) using an initially
unknown angular function &;(t) as

R; (1) = cos & (1) Vi(t) +sin &(t) Vi (1),

where V;(t) and Vl.L (t) are two orthogonal unit-length vectors that
span the planes IT; (¢). They are defined as
B(t) x Pi(1)
[B(£) X Pi(t)]
= —sin;(t) T(t) + cos ¢; (£) N(¢)

Vi(t) =

and
Vi (t) = Pi(t) X Vi(t).

Note that [B(#) x P;(#)| # 0 since T(¢) - P;(¢) # 0.
The developability of the support patch can be expressed as

det(T(1), R; (1), R}(1)) = 0, 17)

which translates to the following first-order differential equation

for &(t):
& (1) = Co(t) (1) + Cr () k(1) + Cr (1) $7(1) + Cyr (1) Y (1), (18)
where
Cr = —% (1 + cos(2y;) cos(2¢;)) sec Pi sec Y
— cos ¢; cos Y sin® & + tan ¢; sin y; sin(2¢;),
Cr = — (sin ¢ sin &; + tan y; cos &;) sin &,
Cyr = (tan ¢; cos &; — sec ¢; tan y); sin &;) sin &,
Cyr = — (sing; sin & + tan y); cos &) sin &;.
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Note that for well-behaved planes and appropriate curvature and
torsion, we can locally find a solution for this angular function, and
hence the ruling directions of the support patch.

When II;(t) is the family of normal planes, ;(t) = ¢;(t) = 0,
so that V;(t) = N(t) and V;-(¢) = B(t). In this case, Equation (18)
simplifies to

&) =~1(t),
corresponding to the result presented in [Guggenheimer 1989],
which details the computation of Klok’s frame, now known as the

rotation-minimizing frame of a space curve.
To match provided boundary conditions, we use the initial values

&(to) = arctan (G (to) - Vi(to), Gi(to) - Vi (t0)) -

B.3 Step 2: Computation of the Length Function

In the following, our goal is to compute the length function [; (¢),
such that the vectors G}(t) and o;(G;(t)) — G;(t) align (up to ori-
entation). This condition is satisfied when their cross product is the
null vector. Accordingly, we define:

Ei(t) = G{(t) x (0:(Gi(t)) = Gi(1)) .

Note that both vectors G}(t) and 0:(G;(t)) — G;(t) lie in the
tangent plane of the corresponding developable support patch. Con-
sequently, vector E;(t) is perpendicular to the incident tangent
plane. Aligning G/(t) and 0;(G;(t)) — G;(t) then amounts to set-
ting the remaining non-tangential component of E;(¢) to zero. In
the computations that follow, we express this condition and assume
that the support patch does not have a singularity at X(t), that is,
we assume that T(t) and R(#) are not aligned.

First, we simplify

0r(Gi(1)) = Gi(1) = a(t)(Gi (1) — X (1) — T(2)) + X(1) - Gi(1)
=-(1-a(1)) Li(t) Ri(1) + T(2),
which yields
E;=(T+ I;R,' + liR;) X(—(1-a);R;+T)
=—((1-a)li +1/) (TxR;) = ;(TxR}) + (1 - a)l*(R; X R)).
(19)
It follows from the developability condition in Equation (17) that
the three vectors T(t) X R;(t), T(¢) X R}(2), and R;(t) X R}(t) are
orthogonal to the tangent plane of the support patch. We therefore
consider the orthonormal frame (T(t), T# (1), T(t) x T# (1)) of X(t)
that is aligned with the tangent plane of the corresponding support
patch, with
(T() X Ry(1)) x T(z)
| (T(t) X Ri (1)) X T(1)|’

T (1) =
where
(T X R;) XT = (cos ¢ cos & —sin ¢; sin; sin &) N+ cos ¢; sin &; B.

Using the representation of a vector V within the orthonormal
frame (T, Tf‘, T x TIJ') as

V=(V-T)T+ (V- T})T{ + (V- (TxTH)) (TxT;),  (20)
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Fig. 23. A smooth and a semi-discrete cone-net computed in Mathematica.

we find
TxR; = (T"-R;) (TxT;),
TxR, = (T" R)) (TXT}),
R; xR} = ((T-R;)(T; -R)) — (T-R)(T{ - Ry)) (TXT).

The constraint that the non-tangential component of E; is zero can
be expressed as E; - (T X T#‘) = 0. Using Equation (19) this becomes

ll{(Tf‘ ‘Rj)=-(1-a); (1 +1;(T- R:)) (TIJ‘ -Rj)
-L(1-(1-a)l(T-Ry)) (T -R}),  (21)

where T} - R; # 0, based on the assumption that no tangent of the
directrix aligns with the ruling direction.
Consequently, it follows that

1L . R’
U=-(1-a)k (1+l,-(T-R§))—l,-(l—(l—a)ll-(T-R,-))ﬁ.

For sufficiently well-behaved right-hand sides, a unique local solu-
tion can be obtained.
Note that in the special case where a(t) = 1, that is, the smooth
Monge tube case, this equation simplifies to
1
4 T; -R]

l_i__TiL'Ri.

This differential equation describes a curve that is parallel to the di-
rectrix. In an equivalent form, it can be found for example in Lemma
2.5 in [Mundilova 2024]. Figure 23 shows illustrations of cone-nets
computed analytically using differential equations in Mathematica.

C TORSION-FREE SUPPORT STRUCTURES OF C-TUBES

Large-scale physical realizations of PQ meshes, for example in ar-
chitecture, typically require additional support structures. These can
be realized as a collection of prismatic beams that follow the edges
of the mesh and meet at nodes corresponding to the mesh vertices.
Meshes with torsion-free support structures are particularly benefi-
cial for their ease of fabrication and low stresses. In these meshes,
the node axes of neighboring vertices are required to be coplanar,
see [Pottmann 2007] and [Jiang et al. 2022].

Torsion-Free Support Structures for C-Tubes. A feature of our pro-
posed C-tube construction is the straightforward extraction of node
axes for torsion-free support structures. In the case of discrete C-
tubes, selecting the incident rulings of the support patches as node
axes results in torsion-free nodes. This directly follows from the
construction, as adjacent node axes along the t-parameter direc-
tions are coplanar (see also Figure 4). Adjacent node axes along the
u-parameter directions are also coplanar, as they converge at the
corresponding point of the directrix.
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In the case of smooth C-tubes, the smooth support patches corre-
spond to a semi-discrete counterpart of torsion-free nodes, as the
infinitesimally close node axes are coplanar.

Families of Torsion-Free Support Structures. Note that upon suc-
cessful construction, the input described in Section 3.2 results in a
single C-tube. However, this same C-tube can be generated from
different combinations of inputs. For example, we obtain the same
discrete C-tube if we individually change the construction planes, as
long as they contain the rulings of the support patches. This allows
for a single degree of freedom for each plane. In the smooth case,
any changes must occur “smoothly” to maintain the stated differ-
entiability requirements. Since these modifications do not affect
the incident support patches, they also do not impact the support
structures.

However, we can also obtain the same discrete C-tube with a
different support structure by carefully modifying the directrix X(t)
to X(1), the apex-locating function a(t) to d(¢), and the families
of planes II; (¢) to IT;(¢), while preserving the cone-apex locations
C(t) (see Figure 24). For instance, we may choose X(#) and adjust
subsequent points X(t;+1) while ensuring that the points X(t;41),
X(t 7), and C(t;) are collinear. This process is equivalent to finding
the rulings of a PQ strip that pass through the target cone apices,
and setting X(t) to be its edge of regression.

Upon successful computation of a new directrix X(t), the apex
locating function a(t) must be adjusted appropriately to ensure that
the cone apices of the modified input are unchanged. Finally, the
families of construction planes also require appropriate modification.
Specifically, as discussed above, we obtain the given C-tube as long
as the construction planes IT; (¢ '7) contain the line connecting X(t i)
with the target gluing curve vertex G;(t;).

D DOUBLE CONE-NETS AND C-TUBES

The construction presented in Section 3.3 produces smooth and
discrete C-tubes, where the tangent planes along u-parameter lines,
or PQ strips in the u-direction, respectively, lie within a discrete cone,
forming semi-discrete and discrete tubular cone-nets. As mentioned
before, in this context, closure is motivated by the application; the
generatrix could also be an open curve.

C(tn)
X(1) //\

Top view

Top view

Fig. 24. lllustration of two identical discrete cone nets constructed using
the C-tube method, each generated from a different directrix, resulting in
distinct support structures. The directrices are related as distinct edges of
regression of two discrete developable surfaces that pass through the set of
common apices, connected by the yellow curve in the figure.

/N
X(to) C(t)

Fig. 25. The construction of a double cone-net using conical support patches.

We show how our construction can be used to generate a special
subclass of cone-nets, the so-called double cone-nets, which are PQ
meshes in which both families of PQ strips are contained in discrete
cones. In Theorem 42 in [Kilian et al. 2023], the authors show that
every double cone-net is a Koenigs net [Bobenko and Suris 2009].

We can obtain double cone-nets by a modification of the support
patch construction. Specifically, we construct supporting patches
that are either cylinders or cones with cone apices V;. This can
be achieved by either directly selecting the (real or infinite) cone
apices or setting IT;(;) to represent an appropriate bundle of planes.
Otherwise, the construction remains unchanged.

As aresult, the boundary patches of the C-tube will also be conical.
This is a direct consequence of the rulings of the boundary patches
lying within the pencil of planes spanned by the (real or infinite)
apices of the adjacent conical patches. In particular, the apex of the
boundary strip is located at the intersection of the plane bundle’s
axis and the first ruling direction (see Figure 25).
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